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Abstract Moments constitute a well-known tool in the

field of image analysis and pattern recognition, but they

suffer from the drawback of high computational cost.

Efforts for the reduction of the required computational

complexity have been reported, mainly focused on binary

images, but recently some approaches for gray images have

been also presented. In this study, we propose a simple but

effective approach for the computation of gray image

moments. The gray image is decomposed in a set of binary

images. Some of these binary images are substituted by an

ideal image, which is called ‘‘half-intensity’’ image. The

remaining binary images are represented using the image

block representation concept and their moments are com-

puted fast using block techniques. The proposed method

computes approximated moment values with an error of 2–

3% from the exact values and operates in real time (i.e.,

video rate). The procedure is parameterized by the number

m of ‘‘half-intensity’’ images used, which controls the

approximation error and the speed gain of the method. The

computational complexity is O(kL2), where k is the number

of blocks and L is the moment order.

Keywords Image analysis � Gray image � Moments �
Image block representation � Real-time computation

1 Introduction

Moments and functions of moments have been successfully

and extensively used in pattern recognition, image classi-

fication and scene analysis applications [1–9]. Moreover,

image moments have also been used for facial expression

recognition [10], stereo image matching [11], image

retrieval from databases [12] and image watermarking [13].

The geometric moment of order (p, q) of a 2D function

g(u, v) is defined as:

mpq ¼
Z1

�1

Z1

�1

gðu; vÞ upvq dudv ð1Þ

Given an N1 9 N2 discrete image g(x, y), the moment of

order (p, q) is defined as:

mpq ¼
XN1�1

x¼0

XN2�1

y¼0

xpyq gðx; yÞ; p; q 2 N0: ð2Þ

The lower-order moments represent several well-known

geometric properties of the distribution, including area,

center of mass, principal axes, radius of gyration, skewness

and kurtosis [3]. Hu’s moment invariants [1], comprise a

seven-moment set, which is based on low order (p ? q B 3)

normalized central moments and are invariant to translation,

rotation and scale change. In pattern recognition

applications, a small set of lower-order moments are able

to discriminate among different patterns [14], and low-order

geometric moments and their derivatives (i.e., central,

normalized central and moment invariant) have been

extensively used in these applications. High-order

moments have been used for the inverse problem, of

reconstructing the original image from a finite set of

moment values [15], where orthogonal-based moments

instead of geometric ones are usually used.
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The computation of moments up to the order (L -

1, L - 1), directly from (2) is of order N2L2 and specifi-

cally requires 2N2L2 power calculations, 2N2L2 multipli-

cations and (N2 - 1)L2 additions. Several researchers have

proposed approaches for the reduction of the required

computational complexity, but the majority of these

methods are mainly focused on binary images. Li and Shen

[16] proposed the use of Green’s theorem in continuous

domain, which evaluates the double integral over the object

by means of single integration along the object boundary.

Jiang and Bunke [17] proposed a polygonal approximation

of the object boundary and then the computation of

moments using Green’s theorem. Yang and Albregtsen

[14] used a discrete version of Green’s theorem for the

computation of image moments. Zakaria et al. [18], Dai

et al. [19], Li [20] and Flusser [21] proposed various

approaches based on the decomposition of the object into

rows or row segments.

Spiliotis and Mertzios [22] proposed a binary image

representation method that represents the image in a form

suitable for the fast implementation of various binary

image-processing algorithms. This binary image repre-

sentation scheme is called image block representation

(IBR), since it represents the image as a set of non-over-

lapping homogeneous rectangular areas. The most impor-

tant characteristic of the IBR is that a perception of image

areas greater than a pixel is provided to the machine and,

therefore, all the operations on the pixels belonging to a

block may be substituted by a simple operation on the

block. Based on this representation, the real-time moment

computation on binary images using the coordinates of the

upper left and lower right corner of each block is proposed

in [22]. Other algorithms implemented on block repre-

sented binary images are: fast shift, scale and rotation of

binary images [23], connected component labeling [23],

logic operations [23], a fast parallel skeletonization algo-

rithm [24], a fast thinning algorithm [25] and a fast

algorithm for the computation of the Hough transform

[26].

Chung and Chen [27] extended the idea in [22] to gray

images by separating gray images to ‘‘homogeneous’’

blocks of image intensities and performing moment cal-

culation using the blocks. The definition of homogeneity

introduces an error in the moment calculation requiring a

compromise between the accuracy and the number of

homogeneous blocks, making the error smaller when a

large number of homogeneous blocks are used.

Recently, Hosny [28] proposed a method for the cal-

culation of gray image moments, which provides exact

moment values and operates fast. Hosny’s method uses a

correction proposed by Liao and Pawlak [15], for the

transition from the continuous to the discrete space without

introducing any errors. In the sequel, exploiting the

rectangular form of the pixel that is introduced by the

correction, Hosny’s method separates the 2D computation

in two steps, by successive computation of 1D moments for

each image row.

In this study, the gray-level image is decomposed in a

set of binary images (bitplanes). It is proved experimen-

tally that the lower-order bitplanes are sufficiently similar

to an ideal image, called ‘‘half-intensity’’ image. There-

fore, the moments of the lower-order bitplanes are

substituted with the moments of the ‘‘half-intensity’’

image. Moreover, the computation of the moments of the

higher-order bitplanes, using the block-based method of

[22], results in the real-time moment computation. This

method permits the computation of the moments with only

a few higher-order binary images and keeps the approxi-

mation error low, while the proposed algorithm operates in

real time. A preliminary version of this work has been

presented in [29].

The remainder of the paper is organized as follows.

Section 2 gives the basic definitions for the block repre-

sentation of binary images and presents the mathematical

formulae for the real-time computation of moments on

binary images. Section 3 presents the decomposition of a

gray image to a set of binary images. In Sect. 4, the

computation of the moments is given, while Sect. 5 pro-

vides experimental results, an analysis of the computational

complexity and comparisons. Finally, Sect. 6 provides

some concluding remarks.

2 IBR and moments computation on binary images

Suppose that in a binary image the object pixels are

assigned to level 1. Suppose also that the object pixels are

represented by a set of non-overlapping rectangles with

edges parallel to the axes containing integer number of

pixels, in such a way that every object pixel belongs to only

one block. These rectangles are called blocks. It is always

feasible to represent a binary image with a set of all the

nonoverlapping blocks with object level and this repre-

sentation is called IBR [23].

The IBR concept leads to a simple and fast algorithm,

which requires just one pass of the image and simple

bookkeeping process. As a result of the application of the

above algorithm, we obtain a set of all the rectangular areas

with level 1 that form the object. A block-represented

image is denoted as f ðx; yÞ ¼ fbi : i ¼ 0; 1; . . .; k � 1g,
where k is the number of the blocks. Each block is

described by four integers, the coordinates of the upper left

and lower right corner in vertical and horizontal axes,

bi ¼ ðx1;bi
; x2;bi

; y1;bi
; y2;bi

Þ. The block extraction process is

implemented easily with low computational complexity,

since it is a pixel checking process without numerical
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operations. The block extraction process requires a pass

from each line y of the image. In this pass, all object-level

intervals are extracted and compared with the previously

extracted blocks. In the following, an IBR algorithm is

given.

Algorithm 1: Image block representation.

Step 1: Consider each line y of the image f and find the

object-level intervals in line y.

Step 2: Compare intervals and blocks that have pixels in

line y - 1.

Step 3: If an interval does not match with any block, this

is the beginning of a new block.

Step 4: If a block matches with an interval, the end of the

block is in the line y.

Given a specific binary image, different sets of different

blocks can be formed. Actually, the nonunique block rep-

resentation does not have any implications on the imple-

mentation of any operation on a block-represented image.

The optimum representation is characterized by the mini-

mum possible number of blocks.

Since the background level is 0, only the pixels with

level 1 are taken into account for the computation of the

moments. Thus, the 2D geometrical moments of order

(p, q) of the image f(x, y) are defined by the relation:

mpq ¼
X

x

X
y

xpyq 8x; y : f ðx; yÞ ¼ 1: ð3Þ

Since the image is represented by blocks, all the object

pixels belong to the k blocks and, taking into account the

rectangular form of the block, (3) may be rewritten [19] as:

mpq ¼
Xk�1

i¼0

mbi
pq ¼

Xk�1

i¼0

Xx2;bi

x¼x1;bi

Xy2;bi

y¼y1;bi

xpyq

¼
Xk�1

i¼0

Xx2b

x¼x1b

xp

 ! Xy2b

y¼y1b

yq

 !
¼
Xk�1

i¼0

Sp
x1bi

;x2bi
Sq

y1bi
;y2bi

ð4Þ

where

S1
1;n¼

nðnþ1Þ
2

; S2
1;n¼

nðnþ1Þð2nþ1Þ
6

; S3
1;n¼

n2ðnþ1Þ2

4
;

S4
1;n¼

nðnþ1Þð2nþ1Þð3n2þ3nþ1Þ
30Xm

j¼1

mþ1

j

� �
Sj

1;n¼ðnþ1Þmþ1�ðnþ1Þ: ð5Þ

Note that using (4), the computational complexity is

reduced to O(N) instead of O(N2) using (2). Moreover, the

summations of xp and yq may be computed using the above

known formulae (5) resulting in further speed-up of the

calculations.

As shown in [22], this method has a computational

complexity of O(k), where k is the number of blocks and

the method operates in real time. It has been shown also

that other sets of statistical moments as central moments,

normalized central moments and Hu’s moment invariants

are computed in real time since are based on geometric

moments.

As shown by Liao and Pawlak [15], (2) is not a very

exact approximation of (1), due to the zero-order approx-

imation of the double integral of (1) with the summations

of (2) and due to the numeric integration of xpyq over each

pixel and proposed a correction for the moments compu-

tation at the discrete domain.

In accordance, Flusser [30] proposed a refinement to

[22], which concludes that the moment of order (p, q) of

the block b is given by:

mb
pq ¼

ðx2 þ 0:5Þpþ1 � ðx1 � 0:5Þpþ1

pþ 1

� ðy2 þ 0:5Þqþ1 � ðy1 � 0:5Þqþ1

qþ 1
ð6Þ

where it was also proposed that parts of (6) could be pre-

calculated, something which may also be done to quantities

of (5).

3 Decomposition of the gray image

Consider the gray image g(x, y), with 2n gray levels and

dimensions N1 9 N2. The gray image can be decomposed

into a set of n binary images, so that each binary image is a

bitplane of the original gray image. To do that, each pixel

value of the gray image is binary represented by n bits.

Each one of these n bits is the corresponding pixel value of

the resulting n binary images. If for example each gray

image pixel requires 1 byte, then the gray image is

decomposed in eight binary images. This way, the first

binary image bn-1 contains the most significant bits (MSB)

of the binary representation of the image intensities g(x, y),

the second binary image bn-2 contains the second MSB

and so on until the binary image b0, containing the least

significant bits of the binary representation of the gray

image intensities. The relation between the gray image

g(x, y) and the n binary images bn-1,…, b1, b0 is given by:

gðx; yÞ ¼ 2n�1bn�1ðx; yÞ þ � � � þ 20b0ðx; yÞ

¼
Xn�1

i¼0

2ibiðx; yÞ: ð7Þ

Figure 1 illustrates a set of test images with 256 gray

levels. Figure 2 illustrates the decomposition of the image

of Fig. 1h to the eight corresponding binary images. It can

be observed that lower-order binary images look quite
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noisy. This feature is exploited below for the reduction of

the computational cost of moment calculations.

4 Computation of moments on gray images

In this section, the real-time computation of moments on

gray images is presented.

4.1 Geometric moments

Applying (7) to (2) for the computation of moments, the

following formula is obtained:

mpq ¼
XN1�1

x¼0

XN2�1

y¼0

xpyq gðx; yÞ

¼
XN1�1

x¼0

XN2�1

y¼0

xpyq
Xn�1

i¼0

2ibiðx; yÞ
" #

¼
Xn�1

i¼0

2imbipq ð8Þ

where mbi,pq is the (p, q)th order moment of the binary

image bi that derives from the decomposition of the gray

image. The binary images are represented by blocks and

their moments are fast computed using (4) and Flusser’s

exact formula [30] of (6) with pre-calculations. Therefore,

(8), provides a fast method for the calculation of the exact

moment values.

At this point, two observations can be made. The first

observation is that as (8) implies, the moments of lower-

order bitplanes do not participate equally in the computa-

tion of the gray image moments, because of the weight

factors of 2i. If a number of these bitplanes are omitted

from the calculation of (8), this results in calculation error

and computational savings.

As illustrated in Fig. 2, the lower-order bitplanes look

like noise with transitions from white to black. The second

observation is that the lower-order bitplanes are similar to

an image with intensity equal to the half of the object level.

This ‘‘half-intensity’’ image may be a chessboard (or

Fig. 1 A set of test images with

256 gray levels. a–f 256 9 256

pixels. g–i 200 9 200 pixels
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checkerboard) image, or uniformly distributed noise over a

zero-valued image or simply an image with intensity � in

every pixel.

Lemma 1 The moment values of an image with intensity

� are the half of the moment values of an image with

intensity 1.

Proof The ‘‘full-intensity’’ image f ðx; yÞ ¼ 1; 8x; y; has

moment values mfpq ¼
PN1�1

x¼0

PN2�1
y¼0 xpyq f ðx; yÞ; and

exploiting the rectangular form of the image, mfpq ¼PN1�1
x¼0 xp

PN2�1
y¼0 yq: The image gðx; yÞ ¼ 1=2; 8x; y has

moment values mgpq ¼
PN1�1

x¼0

PN2�1
y¼0 xpyq gðx; yÞ; and

exploiting the rectangular form of the image, mgpq ¼
1
2

PN1�1
x¼0 xp

PN2�1
y¼0 yq ¼ mfpq

2
: h

Lemma 2 The moment values of a chessboard image

equals approximately the half of the moment values of an

image with intensity 1.

Proof Consider two chessboard images c1(x, y) and

c2(x, y), which are defined by: c1ðx; yÞ ¼ f1; if ðxþ yÞ
is even; 0, otherwiseg , c2ðx; yÞ ¼ f1; if ðxþ yÞ is odd; 0,

otherwiseg . The two images complement each other and

their sum equals 1, i.e., the full-intensity image:

c1 ? c2 = 1 = f. Taking into account the fact that the

quantities yq and (y ? 1)q are close enough for large y

and small q values, then it is concluded that mc1 = mc2.

Since mc1 ? mc2 = mf, it is concluded that mc1 = mc2

= mf/2. h

Therefore, instead of trying to synthesize the ideal

‘‘half-intensity’’ image, it is adequate to use its moment

values, which should be equal to half of the moments of

an image with the same size and every pixel value equal

to the object level. So, in the remainder of this study, we

refer to the ‘‘half-intensity’’ image as an image with

moment values equal to half of the moments of full-

intensity image.

Fig. 2 a The original gray

image with 256 gray levels. b–i
The decomposition of the

original image results in these

eight binary images b7 to b0,

where b7 at b derives from the

most significant bits and b0 at i
derives from the least significant

bits of the pixel values of a
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The substitution of the moments of the m omitted binary

images with the moments of the ‘‘half-intensity’’ image

results in the approximated moment values m0pq:

m0pq ¼
Xn�1

i¼m

2imbipq þ
Xm�1

i¼0

2imhpq

¼
Xn�1

i¼m

2imbipq þ mhpq

Xm�1

i¼0

2i ð9Þ

where mhpq are the moments of the ‘‘half-intensity’’ image,

i.e., half the values of the moments of the full-intensity

image.

The percentage error of the approximation between the

exact and the approximated moment values is expressed as:

epq ¼
mpq � m0pq

mpq

����
����� 100: ð10Þ

The approximation error in the case where some

bitplanes are omitted is much bigger in comparison with

the case of substitution of the omitted bitplanes with the

‘‘half-intensty’’ image. This is due to the fact that the

contribution of the lower-order bitplanes to the moments of

the gray image is quite similar to the contribution of the

‘‘half-intensity’’ image to the moments of the gray image.

Therefore, the second observation may be considered as

experimentally proven.

The percentage contribution Cbi of the bitplane of the

ith plane and the percentage contribution Chi of the ‘‘half-

intensity image’’ at the ith plane, to the moments of the

gray image, are calculated according to:

Cbi ¼
2imbipq

mpq
� 100 ð11:1Þ

Chi ¼
2imhpq

mpq
� 100: ð11:2Þ

As implied from (11.2), Chi = 2Chi-1.

The approximate method is particularly suitable for

applications using low-order moments because the approx-

imation error tends to increase for high-moment order.

4.2 Other moment sets

The proposed method is also suitable for the computation of

other sets of moments. Specifically, the central moments, the

normalized central moments and the Hu’s moment invari-

ants, which are directly related to the geometric moments,

may also be computed using the proposed method.

The central moments of an image f(x, y) are invariant

under image translation and defined as

lpq ¼
XN1�1

x¼0

XN2�1

y¼0

ðx� �xÞpðy� �yÞqf ðx; yÞ ð12Þ

where �x ¼ m10=m00 and �y ¼ m01=m00 are the coordinates

of the centroid. Since all image pixels with level 1 belong

to the k image blocks and taking into account the rectan-

gular form that appeared within the blocks, (12) may be

rewritten as

lpq ¼
Xk�1

i¼0

lbi
pq ¼

Xk�1

i¼0

Xx2;bi

x¼x1;bi

Xy2;bi

y¼y1;bi

ðx� �xÞpðy� �yÞq

¼
Xk�1

i¼0

Xx2;bi

x¼x1;bi

ðx� �xÞp
0
@

1
A Xy2;bi

y¼y1;bi

ðy� �yÞq
0
@

1
A ð13Þ

where x1;bi
; x2;bi

; y1;bi
; y2;bi

are the coordinates of the blocks.

The coordinates of the centroid in (13) refer to the center of

gravity of the whole image and not to the centroid of each

block. The computation of the geometrical moments m00,

m10, m01 using the proposed methods ensures the fast

computation of the centroid of the image. Note that using

(13), the complexity is reduced to O(N) instead of O(N2)

using (12).

According to the Appendix, the factor
P
ðx� �xÞp can be

computed using the analytical formulae

Xx2b

x¼x1b

ðx� �xÞp ¼ Sp
x1b;x2b

� �x
p

1

� �
Sp�1

x1b;x2b
þ � � � þ ð�1Þp

� ðx2b � x1b þ 1Þ�xp; 8p 2 Zþ ð14Þ

where Sp
ab is defined in (5). The summation of ðy� �yÞq in

(13) is computed similarly and the fast computation of the

central moments is ensured using the above analytical

formulae (14). It is clear that Flusser’s proposed refine-

ment and (6) can be also used for the computation of the

factors Sp
ab:

The normalized central moments of an image are

defined as gpq ¼
lpq

lc
00

where c ¼ ðpþ qÞ=2þ 1; pþ q ¼
2; 3; . . . and lpq are the corresponding central moments of

the image. The central moments are required for the

computation of the normalized central moments.

Hu’s moment invariants [1] are derived from the nor-

malized central moments. Therefore, the fast computation

of the central moments insures the fast computation of

the normalized central moments and of the moment

invariants.

5 Experimental results

In this section, experimental results for the computation of

moments on gray images are presented. Specifically, the

determination of the optimal number of bitplanes and

‘‘half-intensity’’ images, the number of the extracted blocks

and the computation times are presented here. Also, an

analysis of computational complexity is given in this
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section. Finally, comparisons with other fast moment

computation methods are presented.

All computations are performed using the C program-

ming language and a 1.5 GHz Athlon PC with 1 GB RAM.

5.1 Determination of the optimal number

of higher-order bitplanes

Let us consider the substitution of the lower-order binary

images with the ‘‘half-intensity’’ image. A large number of

indoor and outdoor test images have been used in experi-

ments, to determine the optimum number of binary images

that have to be used in moment computation for keeping

the approximation error low. In Fig. 1, some of the test

images are displayed.

We calculate first the percentage contribution Cbi,

i = 0, 1,…, 7 of each binary image in the formation of gray

moments. Similarly, we calculate the percentage contri-

bution Chi, i = 0, 1,…, 7, of the corresponding bitplanes,

when they are replaced by the ‘‘half-intensity’’ image.

Table 1 shows these percentage contributions Cbi, Chi for

i = 0, 1,…, 7, for the test image of Fig. 1h. It can be

observed that for the first five lower-order planes, both

percentage contributions are quite close. For the higher-

order bitplanes, the differences in the contributions become

larger. Figure 3 illustrates the values of Cbi, Chi for i = 0,

1,…, 5 in a graphical way. The contribution values are

similar for all the sets of test images.

The percentage approximation moment computation

error, for m = 4, 5, 6, is given in Tables 2, 3 and 4,

respectively, where m is the number of ‘‘half-intensity’’

images that were used for the computation of moments for

the image in Fig. 1h. As indicated from Tables 2, 3 and 4,

the percentage error is quite low for m = 4, still at

accepted levels for m = 5 and increases with m. Note also

that the approximation error becomes larger as the moment

order increases.

The approximation error for all sets of test images is

similar. Specifically, the maximum error for m = 4 is

0.57% for moment m33 of the image in Fig. 1a. The

maximum error for m = 5 is 2.32% for moment m33 of the

image in Fig. 1a. The maximum error for m = 6 is 4.14%

for moment m00 of the image in Fig. 1g.

For pattern analysis and recognition applications, an

error less than 3% is usually acceptable. Therefore, from

the computation of the percentage errors for the test images

and for accepted moment approximation error less than

3%, the optimum number of ‘‘half-intensity’’ images, m, is

determined to be m = 5. If more accuracy is needed for an

application, then the parameter m may be set to a smaller

value. In extreme case when lossless moment values are

required, the parameter m should be set to the value of 0. In

this case of exact moment computation, all the bitplanes of T
a
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the image are used in the calculation using (8). On the other

hand, if more speed is needed for an application, then the

parameter m may be set to a value of 6.

5.2 Performance evaluation

Let us first consider the case of exact moment computation,

where the parameter m = 0 and all the bitplanes of the gray

image are used in the computation. For the test images of

Fig. 1, the required times for the computation of moments

up to the order (3,3), with the proposed block-based

method using (8) and with the pixel-based computation

using (2), are illustrated in Table 5. Column blocks-8p

shows the total number of blocks of all the eight bitplanes.

Column IBR-8p shows the time for the IBR. Column

BMC-8p, shows the time for the computation of the

moments up to the order (3,3) with the proposed block-

based method, using (8). Column IMC shows the time for

the computation of the moments up to the order (3,3) with

the pixel-based method, using (2). Comparing the compu-

tation of the moments using the proposed block-based

method (column BMC-8p) with the conventional pixel-

based method (column IMC), it is observed that the pro-

posed method offers a significant computational gain,

while providing the exact moment values. The last column

(speedup) demonstrates this gain. The average speedup

value for all the set of test images of Fig. 1 is 6.85.

Let us examine the case of the substitution of the lower-

order bitplanes with the ‘‘half-intensity’’ image. To have

significant computational savings, the moments of the

‘‘half-intensity’’ image are stored and their use requires

only one addition, as indicated by (9). It is worth noting

that at lower bitplanes, the number of the blocks is much

larger, and therefore the saving in time from the omission

of a lower bitplane is greater than the saving from the

omission of a higher bitplane.

As determined in the previous subsection, the value of

the parameter m is set to m = 5. The required times for the

moments computation up to the order (3,3) of the test

images of Fig. 1 are presented in Table 6. Column

Blocks-3p shows the number of the blocks of the three

Fig. 3 The percentage contributions of the binary images Cbi and of

the ‘‘half-intensity’’ image at different plane positions Chi to the

moments of the gray image

Table 2 The percentage approximation moment computation error

for m = 4 for the image in Fig. 1h

epq p = 0 p = 1 p = 2 p = 3

q = 0 0.0363 0.0510 0.0506 0.0458

q = 1 0.0011 0.0326 0.0371 0.0308

q = 2 0.0273 0.0299 0.0401 0.0348

q = 3 0.0411 0.0337 0.0497 0.0467

Table 3 The percentage approximation moment computation error

for m = 5 for the image in Fig. 1h

epq p = 0 p = 1 p = 2 p = 3

q = 0 0.3894 0.2948 0.2626 0.2448

q = 1 0.9049 0.5139 0.3054 0.1798

q = 2 1.1957 0.6011 0.3092 0.1439

q = 3 1.4030 0.6771 0.3377 0.1550

Table 4 The percentage approximation moment computation error

for m = 6 for the image in Fig. 1h

epq p = 0 p = 1 p = 2 p = 3

q = 0 0.1539 0.3392 0.6185 0.7307

q = 1 0.9630 2.0351 2.4962 2.6893

q = 2 1.4716 2.8505 3.3095 3.4528

q = 3 1.6772 3.2505 3.6628 3.7313

Table 5 Block number and required times in second for the com-

putation of exact moments up to the order (3,3)

Image Blocks-8p IBR-8p BMC-8p IMC Speedup

Fig. 1a 61,121 0.088 0.068 0.481 7.07

Fig. 1b 57,607 0.081 0.070 0.474 6.77

Fig. 1c 59,068 0.086 0.066 0.470 7.12

Fig. 1d 57,399 0.086 0.065 0.473 7.28

Fig. 1e 58,296 0.085 0.069 0.506 7.33

Fig. 1f 75,587 0.098 0.070 0.526 7.51

Fig. 1g 42,406 0.052 0.047 0.315 6.70

Fig. 1h 44,572 0.051 0.049 0.293 5.98

Fig. 1i 43,832 0.055 0.048 0.281 5.85
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higher-order bitplanes. Column IBR-3p presents the

required time for the IBR process for the three higher

bitplanes. Column BMC-3p presents the required time for

the computation of moments using the proposed method,

while column IMC presents the required time for the

computation of moments using the pixel-based method and

(2). The last column presents the speedup value obtained

using the proposed method 2, instead of the pixel-based

computation. The average speedup value for all sets of test

images is 57.00.

Note that the whole time of BMC with IBR is less than

0.033 s, and therefore the proposed method operates in real

time with more than 30 images/s.

5.3 Computational complexity

It is clear that the computational complexity of the pro-

posed method is proportional to the number k of the blocks

and the number L2 of the moments of order up to (L - 1,

L - 1) and, therefore, the complexity of the proposed

method is O(kL2). A direct analysis of the computational

complexity cannot be done, since k is image dependent.

However, as seen from Table 6, the number of blocks k of

the three higher binary images is quite low and k� N2:

Moreover, the use of precalculated moment values for the

‘‘half-intensity’’ image and the precalculation of the terms

ðxþ 0:5Þpþ1=pþ 1 in (6) permit the real-time implemen-

tation in a low-cost serial computer.

5.4 Comparisons

In this subsection, comparisons of the proposed method

with that of Chung [27] and of Hosny [28] are provided.

Chung and Chen method [27], already mentioned in

the introduction, extended the idea of [22] to gray images

by separating gray images to ‘‘homogeneous’’ blocks of

image intensities and performing moment calculation

using the blocks. The definition of homogeneity intro-

duces an error parameter e, which controls the process of

forming the blocks. In a specified block, its pixel inten-

sities are estimated using 2D linear interpolation based on

the corner intensities of the block. Then, this block is

considered homogenous if each original image pixel

intensity of the block has an absolute error less than e
with respect to the corresponding estimated pixel inten-

sity. Otherwise, the block is subdivided into two equally

sized sub-blocks and the procedure is repeated. In the

sequel, the moments of each homogenous block and

consequently of the entire image are computed using the

techniques in [22]. Apparently, the choice of e influences

the moment calculation error making it larger for large

values of e. Due to (2) even small differences in image

intensities may have a serious influence on the accuracy

of the moment calculation. On the other hand, large

values of e result in a small number of homogenous

blocks.

Since it is difficult to associate Chung’s parameter e with

a moment approximation error less than 3%, we have

chosen to compare both methods when they provide exact

moment values (lossless operation). In Chung’s method,

this happens when e = 0. Then the block representation is

lossless and the exact reconstruction of the gray image

from its blocks is possible. Also, the computation of the

moments is error free. In the proposed method, the lossless

operation is achieved when m = 0.

Hosny’s method [28], as mentioned in the introduction,

exploits the rectangular form of the pixel to separate the 2D

computation in two steps, by successive computation of 1D

moments for each image row, and provides exact moment

values. Since Hosny’s method provides exact moment

values, the comparison is with our proposed method for

m = 0.

Table 7 illustrates the required time for the computation

of moments up to the order (3,3) for all the test images of

Table 6 Blocks number and required times in seconds for the com-

putation of approximated moments up to the order (3,3)

Image Blocks-3p IBR-3p BMC-3p IMC Speedup

Fig. 1a 9,825 0.012 0.011 0.481 43.73

Fig. 1b 5,498 0.007 0.006 0.474 79.00

Fig. 1c 5,986 0.008 0.006 0.470 78.33

Fig. 1d 6,121 0.009 0.007 0.473 67.57

Fig. 1e 6,504 0.008 0.007 0.506 72.29

Fig. 1f 12,508 0.014 0.014 0.526 37.57

Fig. 1g 5,925 0.006 0.006 0.315 52.50

Fig. 1h 6,538 0.007 0.007 0.293 41.86

Fig. 1i 5,468 0.005 0.007 0.281 40.14

Table 7 The required times in second for the exact computation of

the moments up to the order (3,3) using different methods

Image BMC-8p CHUNG HOSNY

Fig. 1a 0.068 0.126 0.049

Fig. 1b 0.070 0.124 0.051

Fig. 1c 0.066 0.124 0.048

Fig. 1d 0.065 0.126 0.052

Fig. 1e 0.069 0.130 0.052

Fig. 1f 0.070 0.134 0.046

Fig. 1g 0.047 0.074 0.031

Fig. 1h 0.049 0.076 0.033

Fig. 1i 0.048 0.080 0.033
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Fig. 1. Column BMC-8p presents the required time using

eight bitplanes and the exact moments’ computation. Col-

umn CHUNG presents the required time with Chung’s

method. Column HOSNY presents the required time for the

computation using the method of Hosny. It is apparent that

Hosny’s method outperforms the other two methods, sec-

ond is our proposed method and third is the method of

Chung. However, as shown in Table 6, the use of our

proposed method for m = 5 outperforms the method of

Hosny.

6 Conclusion

In this work, a real-time moment computation method on

gray images is proposed. The proposed method is based on

a combination of a previous work and some new consid-

erations. The previous work is the representation of a

binary image with blocks and the real-time computation of

moments using the blocks. The new work is based on the

observation that the lower-order bitplanes are similar to a

so-called ‘‘half-intensity’’ image, which has moment values

equal to the half of the moment values of the full-intensity

image. It has been experimentally proved that the moments

of the lower-order bitplanes are quite similar to the

moments of the ‘‘half-intensity’’ image. Therefore, the

lower bitplanes are omitted from the calculation and the

precalculated moment values of the ‘‘half-intensity’’ image

are used instead. This results in significant computational

saving while preserving a significant degree of accuracy in

moment computation.

The idea is simple, but very effective. The combination

with a previous work results in the fastest method presently

for moment computation, which can be implemented in

real time even with software implementation in low-cost

serial computers.

Appendix

Computation of the factor
Px2b

x¼x1b
ðx� �xÞp in central

moments

Using the known identities:

ðc�dÞ2¼ c2�2cdþd2

ðc�dÞ3¼ c3�3c2dþ3cd2�d3

ðc�dÞ4¼ c4�4c3dþ6c2d2�4cd3þd4

ðc�dÞm¼ cm� m
1

� �
cm�1dþ m

2

� �
cm�2d��� �þð�1Þmdm

ð15Þ

it is concluded that

Px2b

x¼1

ðx��xÞ¼S1
1;x2b
�x2b�x ,

Px2b

x¼1

ðx��xÞ2¼S2
1;x2b
�2�xS1

1;x2b
þx2b�x2

Px2b

x¼1

ðx��xÞ3¼S3
1;x2b
�3�xS2

1;x2b
þ3�x2S1

1;x2b
� x2b�x3 ,

Px2b

x¼1

ðx��xÞ4¼S4
1;x2b
�4�xS3

1;x2b
þ6�x2S2

1;x2b
�4�x3S1

1;x2b
þx2b�x4

Px2b

i¼1

ðx��xÞp¼Sp
1;x2b
��x

p
1

� �
Sp�1

1;x2b
þ���þð�1Þpx2b�xp , 8p2Zþ

ð16Þ

and

Xx2b

x¼x1b

ðx� �xÞ ¼
Xx2b

x¼1

ðx� �xÞ �
Xx1b�1

x¼1

ðx� �xÞ

¼ S1
x1b;x2b

� ðx2b � x1b þ 1Þ�x
Xx2b

x¼x1b

ðx� �xÞ2 ¼
Xx2b

x¼1

ðx� �xÞ2 �
Xx1b�1

x¼1

ðx� �xÞ2 ¼ S2
x1b;x2b

�2�xS1
x1b;x2b

þ ðx2b � x1b þ 1Þ�x2

Xx2b

x¼x1b

ðx� �xÞ3 ¼
Xx2b

x¼1

ðx� �xÞ3 �
Xx1b�1

x¼1

ðx� �xÞ3 = S3
x1b;x2b

�3�xS2
x1b;x2b

þ 3�x2S1
x1b;x2b

� ðx2b � x1b þ 1Þ�x3

Xx2b

x¼x1b

ðx� �xÞ4 ¼
Xx2b

x¼1

ðx� �xÞ4 �
Xx1b�1

x¼1

ðx� �xÞ4

¼ S4
x1b;x2b

� 4�xS3
x1b;x2b

þ 6�x2S2
x1b;x2b
�4�x3S1

x1b;x2b

þðx2b � x1b þ 1Þ�x4

Xx2b

x¼x1b

ðx� �xÞp ¼ Sp
x1b;x2b

� �x
p

1

� �
Sp�1

x1b;x2b
þ � � � þ ð�1Þp

�ðx2b � x1b þ 1Þ�xp , 8p 2 Zþ ð17Þ

where Sp
a;b have been defined in (5).
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