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In this paper we study the boundedness, the persistence and the asymptotic behavior of
the positive solutions of the following systems of two difference equations of exponential
form:
. All righ

hinopou
xnþ1 ¼
aþ be�yn

cþ yn�1
; ynþ1 ¼

dþ �e�xn

fþ xn�1
;

xnþ1 ¼
aþ be�yn

cþ xn�1
; ynþ1 ¼

dþ �e�xn

fþ yn�1
;

xnþ1 ¼
aþ be�xn

cþ yn�1
; ynþ1 ¼

dþ �e�yn

fþ xn�1
;

where a, b, c, d, �, f are positive constants and the initial values x�1, x0, y�1, y0 are positive
constants.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

In [26] the authors studied the boundedness, the asymptotic behavior, the periodicity and the stability of the positive
solutions of the difference equation
ynþ1 ¼
aþ be�yn

cþ yn�1
;

where a, b, c are positive constants and the initial values x�1, x0 are positive numbers.
Motivated by the above paper, we will investigate the boundedness, the persistence and the asymptotic behavior of the

positive solutions of the following systems of difference equations of exponential form:
xnþ1 ¼
aþ be�yn

cþ yn�1
; ynþ1 ¼

dþ �e�xn

fþ xn�1
; ð1:1Þ

xnþ1 ¼
aþ be�yn

cþ xn�1
; ynþ1 ¼

dþ �e�xn

fþ yn�1
; ð1:2Þ

xnþ1 ¼
aþ be�xn

cþ yn�1
; ynþ1 ¼

dþ �e�yn

fþ xn�1
ð1:3Þ
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where a, b, c, d, �, f are positive constants and the initial values x�1, x0, y�1, y0 are positive constants. Also for applications in
Mathematical Biology or Population Dynamics, we consider b to be the growth or reproduction rate of species xn and � to be
the growth or reproduction rate of species yn.

Difference equations and systems of difference equations of exponential form can be found in the following papers:
[23,25,26,29–31,33,39,43]. Moreover, as difference equations have many applications in applied sciences there are many pa-
pers and books concerning theory and applications of difference equations, (for partial review of the theory of difference
equations, systems of difference equations and their applications see [1–43] and the references sited therein).

2. Global behavior of solutions of three general systems

In this section we consider the following three general systems of two difference equations
xnþ1 ¼ f ðyn; yn�1Þ; ynþ1 ¼ gðxn; xn�1Þ; ð2:1Þ
xnþ1 ¼ f ðxn�1; ynÞ; ynþ1 ¼ gðxn; yn�1Þ; ð2:2Þ
and
xnþ1 ¼ f ðxn; yn�1Þ; ynþ1 ¼ gðxn�1; ynÞ; ð2:3Þ
where f, g are continuous functions and the initial values x�1, x0, y�1, y0 are positive numbers.
Working in a similar fashion as in relative theorems included in [10,11,17,24] we can state the following theorem which is

useful for the study of our systems Eqs. (1.1)–(1.3).

Theorem 2.1. Let f, g, f : R+ � R+ ? R+, g : R+ � R+ ? R+ be continuous functions, R+ = (0,1). Then the following statements are
true

(i) Let a1, b1, a2, b2 be positive numbers such that a1 < b1, a2 < b2 and
f : ½a2; b2� � ½a2; b2� ! ½a1; b1�; g : ½a1; b1� � ½a1; b1� ! ½a2; b2�:
Suppose that the function f(u,v) is a decreasing function with respect to u (resp. v) for all v (resp. u) and g(z,w) is a decreasing
function with respect to z (resp. w) for every w (resp. z). Finally suppose that if m, M, r, R are real numbers such that if
M ¼ f ðr; rÞ; m ¼ f ðR;RÞ; R ¼ gðm;mÞ; r ¼ gðM;MÞ
then m = M and r = R. Then the system of difference Eq. (2.1) has a unique positive equilibrium ð�x; �yÞ and every positive solution of
the system Eq. (2.1) which satisfies
xn0 2 ½a1; b1�; xn0þ1 2 ½a1; b1�; yn0
2 ½a2; b2�; yn0þ1 2 ½a2; b2�; n0 2 N ð2:4Þ
tends to the unique positive equilibrium of Eq. (2.1).
(ii) Let
f : ½a1; b1� � ½a2; b2� ! ½a1; b1�; g : ½a1; b1� � ½a2; b2� ! ½a2; b2�:
Suppose that the functions f(x,y) and g(x,y) are decreasing functions with respect to x (resp. y) for all y (resp. x). Finally suppose
that if m, M, r, R are real numbers such that if
M ¼ f ðm; rÞ; m ¼ f ðM;RÞ; R ¼ gðm; rÞ; r ¼ gðM;RÞ ð2:5Þ
then m = M and r = R. Then the systems of difference Eqs. (2.2) and (2.3) have a unique positive equilibrium ð�x; �yÞ and every po-
sitive solution of the system Eqs. (2.2) (resp. (2.3)) satisfying Eq. (2.4) tends to the unique positive equilibrium of Eqs. (2.2) (resp.
(2.3)).
Proof. (i) System Eq. (2.1) is equivalent to the system of separated equations
xnþ1 ¼ f ðgðxn�1; xn�2Þ; gðxn�2; xn�3ÞÞ ¼ Fðxn�1; xn�2; xn�3Þ;
ynþ1 ¼ gðf ðyn�1; yn�2Þ; f ðyn�2; yn�3ÞÞ ¼ Gðyn�1; yn�2; yn�3Þ; n P 2:
We consider the equation
xnþ1 ¼ Fðxn�1; xn�2; xn�3Þ: ð2:6Þ
From the conditions of f, g we have that F is a function from [a1,b1] � [a1,b1] � [a1,b1] into [a1,b1] and F(x,y,z) is increasing in
x for all y, z, increasing in y for all x, z and increasing in z for all x, y. Let now that M, m be positive numbers such that
M ¼ FðM;M;MÞ ¼ f ðgðM;MÞ; gðM;MÞÞ;
m ¼ Fðm;m;mÞ ¼ f ðgðm;mÞ; gðm;mÞÞ:
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By setting r = g(M,M), R = g(m,m) we have that relations Eq. (2.5) are satisfied. Then from hypothesis of Theorem 2.1 we have
that m = M. Therefore from Theorem 1.15 of [17] we have that Eq. (2.6) has a unique positive equilibrium �x and every positive
solution of Eq. (2.6) tends to the unique positive equilibrium �x. Similarly we can prove that equation
ynþ1 ¼ gðf ðyn�1; yn�2Þ; f ðyn�2; yn�3ÞÞ ¼ Gðyn�1; yn�2; yn�3Þ ð2:7Þ
has a unique positive equilibrium �y and every positive solution of Eq. (2.7) tends to the unique positive equilibrium �y. This
completes the proof of the statement (i).

The proof of the statement (ii) is a modification of similar results included in [10,11,17,24]. h
3. Global behavior of solutions of system Eq. (1.1)

In the first lemma we study the boundedness and persistence of the positive solutions of Eq. (1.1).

Lemma 3.1. Every positive solution of Eq. (1.1) is bounded and persists.
Proof. Let (xn,yn) be an arbitrary solution of Eq. (1.1). From Eq. (1.1) we can see that
xn 6
aþ b

c
; yn 6

dþ �
f

; n ¼ 1;2; . . . : ð3:1Þ
In addition, from Eqs. (1.1) and (3.1) we get
xn P
aþ be�

dþ�
f

cþ dþ�
f

; yn P
dþ �e�

aþb
c

fþ aþb
c

; n ¼ 3;4; . . . ð3:2Þ
Therefore, from Eqs. (3.1) and (3.2) the proof of the lemma is complete. h

In the next proposition we will study the asymptotic behavior of the positive solutions of Eq. (1.1).
Proposition 3.1. Consider system Eq. (1.1). Suppose that the following relation holds true:
� < c; b < f: ð3:3Þ
Then system Eq. (1.1) has a unique positive equilibrium ð�x; �yÞ and every positive solution of Eq. (1.1) tends to the unique positive
equilibrium of Eq. (1.1) as n ?1.
Proof. We consider the functions
f ðu; vÞ ¼ aþ be�u

cþ v ; gðz;wÞ ¼ dþ �e�z

fþw
; ð3:4Þ
where
z;w 2 I1 ¼
aþ be�

dþ�
f

cþ dþ�
f

;
aþ b

c

" #
; u; v 2 I2 ¼

dþ �e�
aþb
c

fþ aþb
c

;
dþ �

f

" #
: ð3:5Þ
From Eqs. (3.4) and (3.5), we get the following relations for u, v 2 I2, z, w 2 I1
f ðu; vÞ 2 I1; gðz;wÞ 2 I2
and so f:I2 � I2 ? I1, g : I1 � I1 ? I2. Let (xn,yn) be an arbitrary solution of Eq. (1.1). Therefore from Lemma 3.1 for n P 3 we
have:
xn 2 I1; yn 2 I2:
Now let m, M, r, R be positive numbers such that
M ¼ aþ be�r

cþ r
; m ¼ aþ be�R

cþ R
; R ¼ dþ �e�m

fþm
; r ¼ dþ �e�M

fþM
: ð3:6Þ
Then we consider the functions
FðxÞ ¼ aþ be�hðxÞ

cþ hðxÞ � x; hðxÞ ¼ dþ �e�x

fþ x
; x 2 I1: ð3:7Þ
Note that F maps the interval I1 into itself. We claim that equation F(x) = 0 has a unique solution in I1. From Eq. (3.7) we get
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F 0ðxÞ ¼ �h0ðxÞ be�hðxÞðcþhðxÞÞþaþbe�hðxÞ

ðcþhðxÞÞ2
� 1;

h0ðxÞ ¼ � �e�xðfþxÞþdþ�e�x

ðfþxÞ2
; x 2 I1:

ð3:8Þ
Let �x; �x 2 I1 be a solution of equation F(x) = 0. Then from Eq. (3.7) we have
�xðcþ hð�xÞÞ ¼ aþ be�hð�xÞ; hð�xÞðfþ �xÞ ¼ dþ �e��x: ð3:9Þ
Now observe that relations Eqs. (3.8) and (3.9) imply that
h0ð�xÞ ¼ � �e
��x þ hð�xÞ
fþ �x

;
be�hð�xÞðcþ hð�xÞÞ þ aþ be�hð�xÞ

ðcþ hð�xÞÞ2
¼ be�hð�xÞ þ �x

cþ hð�xÞ : ð3:10Þ
Then from Eqs. (3.3), (3.8) and (3.10), we get
F 0ð�xÞ ¼ �e
��x þ hð�xÞ
cþ hð�xÞ �

be�hð�xÞ þ �x
fþ �x

� 1 < 0: ð3:11Þ
Therefore, from Eq. (3.11) we see that equation F(x) = 0 has a unique solution in I1. In addition, relations Eq. (3.6) imply that
m, M are roots of F(x) = 0. Hence we get m = M. Therefore from Eq. (3.6) it follows that r = R. Thus from statement (i) of The-
orem 2.1, system Eq. (1.1) has a unique positive equilibrium ð�x; �yÞ and every positive solution of system Eq. (1.1) tends to the
unique positive equilibrium as n ?1. This completes the proof of the proposition. h

In the next proposition of this section we will study the global asymptotic stability of the positive equilibrium of Eq. (1.1).
Proposition 3.2. Consider system Eq. (1.1) where the condition Eq. (3.3) holds true. Also suppose that
b�þ ðbþ �Þe�1

cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð3:12Þ
Then the unique positive equilibrium ð�x; �yÞ of Eq. (1.1) is globally asymptotically stable.
Proof. First we will prove that ð�x; �yÞ is locally asymptotically stable. The linearized system of Eq. (1.1) about ð�x; �yÞ is
xnþ1 ¼ � be��y

cþ�y yn � aþbe��y

ðcþ�yÞ2
yn�1

ynþ1 ¼ � �e��x

fþ�x xn � dþ�e��x

ðfþ�xÞ2
xn�1:

ð3:13Þ
Observe that system Eq. (3.13) is equivalent to the following system
wnþ1 ¼ Awn; A ¼

0 a 0 b

c 0 d 0
1 0 0 0
0 1 0 0

0
BBB@

1
CCCA; wn ¼

xn

yn

xn�1

yn�1

0
BBB@

1
CCCA;

a ¼ � be��y

cþ �y
; b ¼ �aþ be��y

ðcþ �yÞ2
; c ¼ � �e

��x

fþ �x
; d ¼ � dþ �e��x

ðfþ �xÞ2
:

The characteristic equation of A is
k4 � ack2 � ðadþ bcÞk� bd ¼ 0: ð3:14Þ

Since ð�x; �yÞ is the positive equilibrium of Eq. (1.1), then we have
�x ¼ aþ be��y

cþ �y
; �y ¼ dþ �e��x

fþ �x
: ð3:15Þ
Hence from Eqs. (3.12) and (3.15) and since xe�x < e�1, x > 0 we get
jacj þ jadj þ jbcj þ jbdj ¼ b�e��x��y

ðcþ �yÞðfþ �xÞ þ
be��yðdþ �e��xÞ
ðcþ �yÞðfþ �xÞ2

þ �e
��xðaþ be��yÞ
ðfþ �xÞðcþ �yÞ2

þ ðdþ �e
��xÞðaþ be��yÞ

ðfþ �xÞ2ðcþ �yÞ2

¼ b�e��x��y

ðcþ �yÞðfþ �xÞ þ
b�ye��yðfþ �xÞ
ðcþ �yÞðfþ �xÞ2

þ ��xe��xðcþ �yÞ
ðfþ �xÞðcþ �yÞ2

þ ðdþ �e
��xÞðaþ be��yÞ

ðfþ �xÞ2ðcþ �yÞ2

<
b�þ ðbþ �Þe�1

cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð3:16Þ
Therefore, from Eq. (3.16) and from Remark 1.3.1 of [23], all the roots of Eq. (3.14) are of modulus less than 1 which implies
that ð�x; �yÞ is locally asymptotically stable. Using Proposition 3.1, we see that ð�x; �yÞ is globally asymptotically stable. This
completes the proof of the proposition. h
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4. Global Character of solutions of system Eq. (1.2)

In the following lemma we study the boundedness and persistence of system Eq. (1.2).

Lemma 4.1. Every positive solution of Eq. (1.2) is bounded and persists.
Proof. Let (xn,yn) be an arbitrary solution of Eq. (1.2). Similarly as in lemma 3.1, for n = 3,4, . . . by induction we get
xn 2 I3 ¼
aþ be�

dþ�
f

cþ aþb
c

;
aþ b

c

" #
; yn 2 I4 ¼

dþ �e�
aþb
c

fþ dþ�
f

;
dþ �

f

" #
; ð4:1Þ
and so the proof of the lemma is complete. h

In the next proposition we study the asymptotic behavior of the positive solutions of Eq. (1.2).

Proposition 4.1. Consider system Eq. (1.2). Suppose that the following relation holds true:
b� < cf: ð4:2Þ
Then system Eq. (1.2) has a unique positive equilibrium ð�x; �yÞ and every positive solution of Eq. (1.2) tends to the unique positive
equilibrium of Eq. (1.2) as n ?1.
Proof. We consider the functions
f ðx; yÞ ¼ aþ be�y

cþ x
; gðx; yÞ ¼ dþ �e�x

fþ y
; ð4:3Þ
where
x 2 I3; y 2 I4; ð4:4Þ
and I3, I4 are defined in Eq. (4.1). From (4.3) and (4.4), we see that for x 2 I3, y 2 I4
f ðx; yÞ 2 I3; gðx; yÞ 2 I4
and so f : I3 � I4 ? I3, g : I3 � I4 ? I4.
Let m, M, r, R be positive numbers such that
M ¼ aþ be�r

cþm
; m ¼ aþ be�R

cþM
; R ¼ dþ �e�m

fþ r
; r ¼ dþ �e�M

fþ R
: ð4:5Þ
From Eq. (4.5) we get
e�r ¼ MðcþmÞ�a
b ; e�R ¼ mðcþMÞ�a

b ;

e�m ¼ RðfþrÞ�d
� ; e�M ¼ rðfþRÞ�d

� ;
which imply that
M �m ¼ b
c ðe�r � e�RÞ ¼ b

c e�r�RðeR � erÞ;
R� r ¼ �

f ðe�m � e�MÞ ¼ �
f e�m�MðeM � emÞ:

ð4:6Þ
Moreover, we get
eR � er ¼ enðR� rÞ; minfR; rg 6 n 6 maxfR; rg;
eM � em ¼ ehðM �mÞ; minfM;mg 6 h 6maxfM;mg:

ð4:7Þ
Then relations Eqs. (4.6) and (4.7) imply that
M �m ¼ b
c

e�r�RþnðR� rÞ; R� r ¼ �
f

e�m�MþhðM �mÞ
and so
jM �mj 6 b
c
jR� rj; jR� rj 6 �

f
jM �mj: ð4:8Þ
In addition, observe that relations Eqs. (4.2) and (4.8) imply that
1� b�
cf

� �
jM �mj 6 0; 1� b�

cf

� �
jR� rj 6 0
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from which we see that M = m and R = r. Therefore from Eq. (4.1) and statement (ii) of Theorem 2.1 system Eq. (1.2) has a
unique positive equilibrium ð�x; �yÞ and every positive solution of system Eq. (1.2) tends to the unique positive equilibrium
as n ?1. This completes the proof of the proposition. h

In the next proposition of this section we will study the global asymptotic stability of the positive equilibrium of Eq. (1.2).
Proposition 4.2. Consider system Eqs. (1.2) where (4.2) holds true. Also suppose that
aþ b
c2 þ dþ �

f2 þ b�
cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð4:9Þ
Then the unique positive equilibrium ð�x; �yÞ of Eq. (1.2) is globally asymptotically stable.
Proof. First we will prove that ð�x; �yÞ is locally asymptotically stable. The linearized system of Eq. (1.2) about ð�x; �yÞ is
xnþ1 ¼ � be��y

cþ�x yn � aþbe��y

ðcþ�xÞ2
xn�1

ynþ1 ¼ � �e��x

fþ�y xn � dþ�e��x

ðfþ�yÞ2
yn�1:

ð4:10Þ
Notice that system Eq. (4.10) is equivalent to the following system
wnþ1 ¼ Bwn; B ¼

0 a b 0

c 0 0 d

1 0 0 0

0 1 0 0

0
BBBB@

1
CCCCA; wn ¼

xn

yn

xn�1

yn�1

0
BBBB@

1
CCCCA;

a ¼ � be��y

cþ �x
; b ¼ �aþ be��y

ðcþ �xÞ2
; c ¼ � �e

��x

fþ �y
; d ¼ � dþ �e��x

ðfþ �yÞ2
:

Then the characteristic equation of B is
k4 � ðbþ dþ acÞk2 þ bd ¼ 0: ð4:11Þ
From Eq. (4.9) we get
jbj þ jdj þ jacj þ jbdj ¼ aþ be��y

ðcþ �xÞ2
þ dþ �e��x

ðfþ �yÞ2
þ b�e��x��y

ðcþ �xÞðfþ �yÞ þ
ðdþ �e��xÞðaþ be��yÞ
ðfþ �yÞ2ðcþ �xÞ2

<
aþ b
c2 þ dþ �

f2 þ b�
cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð4:12Þ
Therefore, from Eq. (4.12) and from Remark 1.3.1 of [23] all the roots of Eq. (4.11) are of modulus less than 1 which implies
that ð�x; �yÞ is locally asymptotically stable. Using Proposition 4.1, we see that ð�x; �yÞ is globally asymptotically stable. This
completes the proof of the proposition. h
5. Global character of solutions of system Eq. (1.3)

In the following lemma we study the boundedness and persistence of system Eq. (1.3).

Lemma 5.1. Every positive solution of Eq. (1.3) is bounded and persists.
Proof. Let (xn,yn) be an arbitrary solution of Eq. (1.3). Similarly as in lemma 3.1, for n = 3,4, . . . we get
xn 2 I5 ¼
aþ be�

aþb
c

cþ dþ�
f

;
aþ b

c

" #
; yn 2 I6 ¼

dþ �e�dþ�
f

fþ aþb
c

;
dþ �

f

" #
; ð5:1Þ
and so the proof of the lemma is complete. h

In the next proposition we study the asymptotic behavior of the positive solutions of Eq. (1.3).
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Proposition 5.1. Consider system Eq. (1.3). Suppose that the following relation holds true:
b < c; � < f: ð5:2Þ
Then system Eq. (1.3) has a unique positive equilibrium ð�x; �yÞ and every positive solution of Eq. (1.3) tends to the unique positive
equilibrium of Eq. (1.3) as n ?1.
Proof. We consider the functions
f ðx; yÞ ¼ aþ be�x

cþ y
; gðx; yÞ ¼ dþ �e�y

fþ x
; ð5:3Þ
where

x 2 I5; y 2 I6; ð5:4Þ
where I5, I6 are defined in Eq. (5.1). From Eq. (5.3) and Eq. (5.4), we have for x 2 I5, y 2 I6
f ðx; yÞ 2 I5; gðx; yÞ 2 I6
and so f : I5 � I6 ? I5, g : I5 � I6 ? I6.
Let m, M, r, R be positive numbers such that
M ¼ aþ be�m

cþ r
; m ¼ aþ be�M

cþ R
; R ¼ dþ �e�r

fþm
; r ¼ dþ �e�R

fþM
: ð5:5Þ
Moreover arguing as in the proof of Theorem 1.16 of [17], it suffices to assume that
m 6 M; r 6 R: ð5:6Þ
Observe that relations Eq. (5.5) imply:
e�m ¼ MðcþrÞ�a
b ; e�M ¼ mðcþRÞ�a

b ;

e�r ¼ RðfþmÞ�d
� ; e�R ¼ rðfþMÞ�d

�

from which we see that
�ðe�r � e�RÞ ¼ fðR� rÞ þ Rm� rM; bðe�m � e�MÞ ¼ cðM �mÞ þMr �mR: ð5:7Þ
Then by adding the two relations Eq. (5.7) we get
�ðe�r � e�RÞ þ bðe�m � e�MÞ ¼ fðR� rÞ þ cðM �mÞ:
Thus from Eq. (4.7) we get
�e�r�RþnðR� rÞ þ be�m�MþhðM �mÞ ¼ fðR� rÞ þ cðM �mÞ ð5:8Þ
where h, n are defined in Eq. (4.7). Therefore from Eq. (5.8) we have
fðR� rÞ 1� �
f

e�r�Rþn

� �
þ cðM �mÞ 1� b

c
e�m�Mþh

� �
¼ 0: ð5:9Þ
Then using Eqs. (5.2), (5.6) and (5.9), gives us m = M and r = R. Hence from Eq. (5.1), statement (ii) of Theorem 2.1 system Eq.
(1.3) has a unique positive equilibrium ð�x; �yÞ and every positive solution of system Eq. (1.3) tends to the unique positive
equilibrium as n ?1. This completes the proof of the proposition. h

In the next proposition of this paper, we study the global asymptotic stability of the positive equilibrium of Eq. (1.3).
Proposition 5.2. Consider system Eqs. (1.3) where (5.2) hold true. Also suppose that
b
c
þ �

f
þ b�

cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð5:10Þ
Then the unique positive equilibrium ð�x; �yÞ of Eq. (1.3) is globally asymptotically stable.
Proof. First we will prove that ð�x; �yÞ is locally asymptotically stable. The linearized system of Eq. (1.3) about ð�x; �yÞ is
xnþ1 ¼ � be��x

cþ�y xn � aþbe��x

ðcþ�yÞ2
yn�1;

ynþ1 ¼ � �e��y

fþ�x yn � dþ�e��y

ðfþ�xÞ2
xn�1:

ð5:11Þ
Clearly we see that system Eq. (5.11) is equivalent to the system
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wnþ1 ¼ Cwn; C ¼

a 0 0 b
0 c d 0
1 0 0 0
0 1 0 0

0
BBB@

1
CCCA; wn ¼

xn

yn

xn�1

yn�1

0
BBB@

1
CCCA;

a ¼ � be��x

cþ �y
; b ¼ �aþ be��x

ðcþ �yÞ2
; c ¼ � �e

��y

fþ �x
; d ¼ � dþ �e��y

ðfþ �xÞ2
:

Then the characteristic equation of C is
k4 � ðaþ cÞk3 þ ack2 � bd ¼ 0: ð5:12Þ
From Eq. (5.10) we get
jaj þ jcj þ jacj þ jbdj ¼ be��x

cþ �y
þ �e

��y

fþ �x
þ b�e��x��y

ðcþ �yÞðfþ �xÞ þ
ðdþ �e��yÞðaþ be��xÞ
ðfþ �xÞ2ðcþ �yÞ2

<
b
c
þ �

f
þ b�

cf
þ ðaþ bÞðdþ �Þ

c2f2 < 1: ð5:13Þ
Therefore, from Eq. (5.13) and from Remark 1.3.1 of [23] we see that all the roots of Eq. (5.12) are of modulus less than 1,
which implies that ð�x; �yÞ is locally asymptotically stable. Using Proposition 5.1, ð�x; �yÞ is globally asymptotically stable. This
completes the proof of the proposition. h
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