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Neurules-A Type of Neuro-Symbolic Rules: An
Overview

Jim Prentzds loannis Hatzilygeroudis

Abstract Neurules are a kind of integrated rules integratisgrocomputing and produc-
tion rules. Each neurule is represented as anredalhiit. Thus, the corresponding neurule
base consists of a number of autonomous adalirie (m@urules). Due to this fact, a modu-
lar and natural knowledge base is constructedpimrast to existing connectionist knowl-
edge bases. In this paper, we present an ovenfiewranain work involving neurules. We
focus on aspects concerning construction of nesydéficient updates of neurule bases,
neurule-based inference and combination of neumlts case-based reasoning. Neurules
may be constructed from either symbolic rule basesmpirical data in the form of training
examples. Due to the fact that the source knowledgeurules may change with time, ef-
ficient updates of corresponding neurule baseegfleat such changes are performed. Fur-
thermore, the neurule-based inference mechanismeisactive and more efficient than the
inference mechanism used in connectionist expettesys. Finally, neurules can be natu-
rally combined with case-based reasoning to prowddenore effective representation
scheme that exploits multiple knowledge sources faodides enhanced reasoning capa-
bilities.

1 Introduction

The combination or integration of (two or more)felient problem solving meth-
ods has given fruitful results in many applicatameas. The aim is to create com-
bined formalisms or systems that benefit from eafcktheir components. Disad-
vantages or limitations of specific intelligent metls can be surpassed or
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alleviated by their combination with other methotisis generally believed that
complex problems can be easier solved with suctbamations (Medsker 1995).

A popular type of combinations is that of symboéind connectionist ap-
proaches, usually called the neuro-symbolic apgroAdvanced neuro-symbolic
formalisms and systems have been developed (Boolamarsun 1993, Fu 1994,
Medsker 1995, Hilario 1997, Sun and Alexandre 199¢Garry et al. 1999;
Wermter and Sun 2000, Cloete and Zurada 2000, tHA@arcez et al 2002,
d’Avila Garcez et al 2004, Hatzilygeroudis and Rzas 2004a, Bader and Hitzler
2005). Different types of neuro-symbolic approachage been developed such as
combinations of connectionist approaches with-firster logic (Bader et al. 2008,
Shastri 2007), or with multi-valued logic (Komentki@mya et al. 2007) or with
non-classical logic (d’Avila Garcez et al. 2007)with symbolic rules (of pro-
positional type) (Gallant 1993, Towell and Shavii®94, Fu 1993, Hatzilyger-
oudis and Prentzas 2000b and 2001b). However, catibns of neural networks
and symbolic rules seem to have given more appésdits (Souici-Meslati and
Sellami 2006, Xianyu et al. 2008, Yu et al. 2008 do the complementary ad-
vantages and disadvantages of the two combinedafeamms (Hatzilygeroudis and
Prentzas 2004a).

Symbolic rules have several advantages as welbm& significant disadvan-
tages in terms of knowledge representation andr#ag. Their main advantages
involve naturalness of representation and modylggee e.g. Reichgelt 1991).
The naturalness of rules facilitates comprehensiotheir encompassed knowl-
edge. Modularity refers to the fact that each fsla discrete, autonomous unit
enabling incremental development of the knowledagetas well as partial testing.
Moreover, rule based systems provide an interadtifesence mechanism, which
guides the user in supplying input values, and>giamation mechanism, which
justifies the reached conclusions. The provisioregflanations is necessary in
certain application domains (e.g. medicine) toifussystem outputs. Symbolic
rules have certain drawbacks besides advantagesnportant disadvantage con-
cerns the knowledge acquisition bottleneck thathis,difficulty in acquiring rules
from experts (see e.g. Gonzalez and Dankel 1998).brittleness of rules is an-
other disadvantage. More specifically, it is nosgible to draw conclusions from
rules when there are missing values in the inpta.dgor a specific rule, a certain
number of condition values must be known in ordeevaluate the logical func-
tion connecting its conditions. In addition, rukgs not perform well in cases of
unexpected input values or combinations of them.

Neural networks represent a totally different ajppfo to problem solving,
known as connectionism (see e.g. Gallant 1993, Ha®®R08). Neural networks
possess certain advantages but disadvantages hsThvey are able to obtain
knowledge from training examples. Therefore, emplrknowledge (i.e. training
examples) available in several domains is explo#ed interaction with the ex-
perts is reduced. Additional advantages of neusblorks concern their ability to
generalize that is, provide computation of cormdputs from input combinations
not present in the training set, their ability gpresent complex and imprecise



knowledge and their efficiency in producing outp@smpared to symbolic rules,
neural networks possess significant disadvantdgas such disadvantages con-
cern the lack of naturalness and modularity. Idiicult to comprehend the
knowledge encompassed in neural networks and ferréason several rule ex-
traction methods have been presented (Andrews @i98b). Due to the lack of
modularity, a neural network cannot be decompostmldomponents and form a
modular structure. The aforementioned drawbackdtrago the difficulty (if not
inability) in providing explanations for outputsopiuced by neural networks.

From the various neuro-symbolic approaches that Haeen presented, we
concentrate on combinations that result in a unif@eamless combination of the
two component approaches. Such combinations atedcahified, according to
(Hilario, 1997), or integrated, according to (Baded Hitzler, 2005). A main re-
search direction at combining rules and neural agtgvinvolves use of prior do-
main knowledge in neural network configuration. @oald discern two different
trends in this research direction. The one treedhstfrom (Holldobler and Ka-
linke 1994), where a connectionist network is depet that implements the
meaning function of a propositional (definite) logbrogram. The other trend
stems from (Towell and Shavlik 1994), which corssidttwo main steps: an exist-
ing domain theory in the form of propositional e used to construct an initial
neural network and then training data are usedaino the network. On the other
hand, connectionist expert systems are integratsigrss that represent relation-
ships between concepts associated with nodes @uinnetwork (Gallant 1988,
Gallant 1993, Ghalwash 1998). The network also aiostcertain random cells
that have no concepts assigned to them. These arellintroduced during con-
struction.

Most (if not all) of existing such approaches gpre-eminence to connection-
ism. Thus, they do not exploit representationalaatizges of symbolic rules, like
naturalness and modularity. Moreover, with the pxoa of connectionist expert
systems, they do not provide the functionalitieg afile-based system, like inter-
active inference and explanation. It should alsaremtioned that as far as con-
nectionist expert systems are concerned, the preseihrandom cells results in
certain incomprehensible explanations.

Neurules (Hatzilygeroudis and Prentzas 2000a, Kgtrioudis and Prentzas
2000b, Hatzilygeroudis and Prentzas 2001b) arpea @y integrated rules combin-
ing symbolic rules (of propositional type) and remaomputing. In contrast to oth-
er approaches, neurules give pre-eminence to thédalic part of the integration.
Therefore, they retain the naturalness and modylafisymbolic rules in a large
degree. Neurules can be produced either from syimbaes or from empirical
data (Hatzilygeroudis and Prentzas 2000a, 2001lsp A neurule-based system
possesses an interactive inference mechanism (ypmudis and Prentzas 2010)
and provides explanations for drawn conclusionstdiy@eroudis and Prentzas
2001a). Mechanisms for efficiently updating a néaitese, given changes to its
source knowledge (i.e. symbolic rules or empiridata), have also been devel-
oped (Prentzas and Hatzilygeroudis 2005, PrentadsHatzilygeroudis 2007b).



Neurules may also be effectively combined with daased reasoning (Prentzas
and Hatzilygeroudis 2002, Hatzilygeroudis and Prant?004c).

In this paper, we present an overview of our woskaerning neurules. The
structure of the paper is as follows. Section Z@ms the neurule-based knowl-
edge representation scheme. In Section 3 productiomeurules from existing
symbolic rules is presented. Section 4 discussgscés regarding the mechanism
for efficiently updating a neurule base given chemtp its symbolic source know-
ledge (i.e. symbolic rule base). Section 5 outlinesstruction of neurules from
empirical data. Section 6 briefly discusses aspmgarding efficient updates of a
neurule base due to availability of new empiricalree data. Section 7 discusses
the interactive neurule-based inference mechanBection 8 discusses issues
concerning combination of neurules with case-basadoning. Finally, Section 9
concludes.

2 Neurules

2.1 Syntax and Semantics

Neurules are a kind of integrated rules. The forfmameurule is depicted in
Fig.1la. Each condition;Gs assigned a number,sfalled itssignificance factor.
Moreover, each rule itself is assigned a numbgrcsflled its bias factor. Inter-
nally, each neurule is considered as an adaling¢ (ig.1b). The inputs C
(i=1,...,n) of the unit are the conditions of thier The weights of the unit are the
significance factors of the neurule and its biashis bias factor of the neurule.
Each input takes a value from the following setisfcrete values: [1 (true), -1
(false), 0 (unknown)].

The output D, which represents the conclusion &ilec) of the rule, is calcu-
lated via the standard formulas:

D- f(a),a:sfo+zn:sfici 1)
i=1
1 if a=0
f(a):{—lif a<0 @

where a is the activation value and f(x) the activation function, which is a
threshold function. Hence, the output can take afrtevo values (-1, ‘1") repre-
senting failure and success of the rule respegtivehe significance factor of a
condition represents the significance (weight)naf tondition in drawing the con-



clusion. The LMS learning algorithm is used to canepthe values of the signifi-
cance factors as well as the bias factor of a heutxamples of neurules are
shown in Table 3.

The general syntax of a neurule (in a BNF notatiinere ‘< >’ denotes non-
terminal symbols) is:

<rule>::= (<bias-factor>)f <conditions>then <conclusion>
<conditions>::= <condition> | <condition>,<condii&>

<condition>::= <variable> <|-predicate> <value> igrsficance-factor>)
<conclusion>::= <variable> <r-predicate> <value> .

where <variable> denotesvariable, that is a symbol representing a concept in
the domain, e.g. ‘sex’, ‘pain’ etc in a medical dim and <l-predicate> denotes a
symbolic or a numeric predicate. The symbolic pratéis are {is, isnot}, whereas
the numeric predicates are {<, >, =}. <r-predicatan only be a symbolic predi-

cate. <value> denotes a value; it can be a syngbgl {male”, “night-pain”) or a
number (e.g “5"). <bias-factor> and <significaneetbr> are (real) numbers.

(sfo) if Cq (sfy),
Cz (sh),

Cn (sfn)
then D

@)

Fig. 1. (a) Form of a neurule (b) a neurule as an adailiite

We distinguish three types of variables:

e input or askable variables, that is variables for which the user will be ppied
to give a value during inference,

¢ intermediate or inferable variables, that is variables constituting intermediate
goals of the inference process,

e output or goal variables, that is variables constituting the (final) goalgtoé in-
ference process.

We also distinguish betweenput, intermediate andoutput neurules. An input
neurule is a neurule having only input variablegsrconditions and intermediate
or output variables in its conclusions. An interiiagégl neurule is a neurule having
at least one intermediate variable in its condgiand intermediate variables in its
conclusions. An output neurule is one having apaiariable in its conclusions.



2.2 Neurule-Based System Architecture

In Figure 2, the architecture of a neurule-basestlesy is illustrated. The run-time
system (in the dashed rectangle) consists of fisdutes: theneurule base (NRB),
the hybrid inference engine (HIE), the working memory (WM), the explanation
mechanism (EXM) and theindexed case library (ICL). The first four of these
modules are more or less functionally similar tosth of a conventional rule-based
system. HIE in combination with ICL can provide d#aihal reasoning capabili-
ties (i.e. handling of exceptional situations).
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Fig. 2. The architecture of a neurule-based system

NRB contains neurules alongside certain informatisaful for updating neu-
rules when the source knowledge changes (see Beetiand 6). HIE is responsi-
ble for making inferences. HIE either performs pureeurule-based inference by
taking into account the data in WM and the neurild$RB or combines neurule-
based with case-based reasoning by also takingaictount cases stored in the
ICL. WM containsfact assertions either given by the user, as initial input data or
during an inference course, or produced by theeasysts intermediate or final
conclusions during an inference course. ICL costaases indexed by neurules in
the NRB and is used by the approach combining medrased with case-based
reasoning (see Section 8).

The architecture also includes certain offline medwseful for producing and
updating the contents of the NRB and for constngctinindexed case library
(ICL). The contents of the NRB are produced frosyrabolic rule base (SRB) or
from empirical data (ED). Construction of a NRB from a symbolic rule base i



performed by theule conversion mechanism (RCM) presented in Section 3. Con-
struction of a NRB from empirical data is perforntadthe neurules production
algorithm (NPA) presented in Section 5. Tube update mechanism (RUM) up-
dates the NRB to reflect changes to its symbolie source (see Section 4). RUM
interacts with the RCM to perform its tasks. Tdeta update mechanism (DUM)
updates the NRB when new empirical data becomekhbiea(see Section 6). The
indexing construction mechanism (ICM) constructs an ICL by taking as input a
caselibrary (CL) and either symbolic rules indexing cases in Cheurules.

3 Construction of a Neurule Base from a Symbolic Rule Base

As mentioned above, neurules can be produced fittraresymbolic rules or em-
pirical data. Here, we concentrate on the former.

An existing (propositional type) SRB can be coneéitio a neurule base (NRB)
by the rule conversion mechanism. The correspondoryersion mechanism is
described in (Hatzilygeroudis and Prentzas 200Cbhversion does not involve
refinement of SRB, but creates an equivalent kndgdebase. This means that the
conclusions drawn from NRB are the same as thoserdfrom SRB, given the
same inputs. Each produced neurule usually memest more symbolic rules
with the same conclusion. Therefore, the size eflbduced NRB is less than
that of SRB as far as both the number of rules taednumber of conditions is
concerned. This results in improvements to theciefficy of the inferences from
NRB, compared to those from SRB (Hatzilygeroudid Brentzas 2000b).

The conversion mechanism is outlined as follows:

. Group symbolic rules into merger sets.

. From each merger set, produce a merger.

. Produce a training set for each merger.

. Train each merger and produce one or more neurules.

A WNPF

Eachmerger set contains all the rules of the SRB having the sameclusion.
We call such merger seitsitial merger sets. A merger is a neurule having as con-
ditions all the conditions of the symbolic rulesthe corresponding merger set
(without duplications) and significance factorsnadl as bias factor set to zero (or
any other proper initial value). Each training isegxtracted from the truth table of
the combined logical function of the rules in itenger set (the disjunction of the
conjunctions of the conditions of each rule), vidilgering process. Filtering
eliminates the invalid rows of the truth table. afid rows are those with contra-
dicting or inconsistent values.

Training of mergers is performed using the standai® algorithm. A limita-
tion of the LMS algorithm is its inability to find set of significance and bias fac-
tors that classify correctly all of the trainingtigans, in case that the training pat-
terns of the training set are inseparable. In ¢hat training is successful, one



neurule will be produced. Otherwise, a splittingqass is followed, which pro-
duces more than one neurule having the same céoe]uslled sibling neurules.

Table 1. An example merger set

R1 R5

if patient-class is human0-20, if patient-class is human0-20,
pain-feature2 is continuous, pain-feature?2 is night,
fever is no-fever, fever is no-fever,
antinflam-reaction is none antinflam-reaction is none

then disease-type is primary-malignant then disease-type is primary-malignant

R2 R6

if patient-class is human0-20, if patient-class is human21-35,
pain-feature?2 is night, pain-feature2 is night,
fever is low antinflam-reaction is none

then disease-type is primary-malignant then disease-type is primary-malignant

R3 R7

if patient-class is human0-20, if patient-class is human36-55,
pain-feature?2 is night, pain-feature?2 is night,
fever is medium fever is low

then disease-type is primary-malignant then disease-type is primary-malignant

R4 R8

if patient-class is human0-20, if patient-class is human36-55,
pain-feature?2 is night, pain-feature?2 is night,
fever is high fever is medium

then disease-type is primary-malignant then disease-type is primary-malignant

Splitting is performed in a way that each subseta@os symbolic rules that are
‘close’ to each other in some degr&oseness between two symbolic rules is de-
fined as the number of their common conditionsit®md is based on the notion
of closeness due to the observation that sepasatdehave rules with larger aver-
age closeness than inseparable onetea#t closeness pair (LCP) of rules in a
merger set is a pair of rules with the least clessn(LC) in the set. Initially, a
LCP in the merger set is found and two subseti@ated each containing as its
initial element one of the rules of that pair, edlits pivot. Each of the remaining
rules is distributed between the two subsets basettheir closeness to their piv-
ots. That is, each subset contains rules, whichclger to its pivot. If training
fails, for a merger of a merger subset, the comedimg subset is further split into



two other subsets, based on one of its LCPs. Tdmsirwes, until training suc-
ceeds or the merger subset contains only onelratés converted into a neurule.
As an example, to demonstrate application of thanregeps of the conversion
mechanism, we use the merger set of Table 1 thesists of eight symbolic rules
{R1, R2, R3, R4, R5, R6, R7, R8}, taken from a neatldiagnosis rule base. The
merger constructed from this (initial) merger sehtains the ten distinct condi-
tions of the eight rules and is shown in Table Be Training set of the merger is
extracted from the truth table of the combined dagfunction of the rules of the
merger set:
F=(CIAC2AC3AC4)v (CIAC5ACB)v (CLAC5ACY)
v (CLAC5AC8)v (CIAC5AC3AC4A)v (COAC5AC4H)
v (C10A C5A CB)v (C10A C5A C7)
where CZEpatient-class is human0-20, £fain-feature2 is continuous, €@ver
is no-fever, C4&antinflam-reaction is none, Epain-feature2 is night, Géfever
is low, C'&E fever is medium, G8fever is high, C9 patient-class is human21-35,
C10= patient-class is human36-55.

Table 2. The merger of the merger set of Table 1

(0) if patient-class is human0-20 (0),
pain-feature2 is continuous (0),
fever is no-fever (0),
antinflam-reaction is none (0),
pain-feature?2 is night (0),
fever is low (0),
fever is medium (0),
fever is high (0),
patient-class is human21-35 (0),
patient-class is human36-55 (0)

then disease-type is primary-malignant

The truth table of F containd®1024 training patterns, from which only 120
patterns remain after application of the filteripgpcess. The training patterns of
the training set are inseparable and the initiatgmeset is split in two subsets:
MS1={R1, R5, R6} and MS2={R2, R3, R4, R7, R8}. ThE€P that guides split-
ting is (R1, R7). Training of the merger of MS1nist successful. So, {R1, R5,
R6} is splitin {R1, R5} and {R6} with LCP: (R1, R6 The merger of {R1, R5} is
successfully trained and neurule NR1-5 is produéade R6 is converted to a
neurule (i.e. NR6). The merger of MS2 is succebsfuhined and neurule NR2-3-
4-7-8 is produced. So, finally, from the initial rger set of eight symbolic rules,
three neurules are produced. The produced neuatdeshown in Table 3.
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Table 3. Neurules produced from the merger set of Table 1

NR1-5 NR2-3-4-7-8
(-2.5)if fever is no-fever (1.4), (1.6)if patient-class is human0-20 (8.5),
antinflam-reaction is none (1.3), pain-feature?2 is night (8.2),
patient-class is human0-20 (0.8), fever is medium (8.2),
pain-feature2 is continuous (0.8), patient-class is human36-55 (5.0),
pain-feature?2 is night (0.8) fever is low (4.4),
then disease-type is primary-malignant fever is high (0.8)

then disease-type is primary-malignant
NR6
(-2.4)if patient-class is human21-35 (1.5),
pain-feature2 is night (1.4),
antinflam-reaction is none (1.3)
then disease-type is primary-malignant

4 Efficient Updating of a Neurule Base Produced from a
Symbolic Rule Base

An aspect of interest involves the efficient updaiéa NRB to reflect changes to
its symbolic source knowledge. The basic chang&RB can be (a) insertion of a
new rule and (b) removal (or deletion) of an erigtrule, since modification of a
rule is equivalent to removal of the old rule andeirtion of the new one. One ap-
proach to reflect such changes would be to recortierwhole SRB and repro-
duce the whole NRB. Obviously such an approach evgupose useless compu-
tational effort due to the fact that only specffigrts of the SRB are affected from
changes. To minimize the computational effort ferforming updates, an effi-
cient mechanism has been developed (Prentzas aailygeroudis 2005) that re-
converts as small portion of SRB as possible. Thelutarity of NRB enables
such an approach. Furthermore, the number of remafter an update remains as
small as possible, which is a significant aspecttarms of inference time-
efficiency.

The update mechanism exploits the structure oée, walled the splitting tree,
that stores information related to the conversioocess. More specifically, a
splitting tree is used to store the splitting psscéor each initial merger set. The
root of a tree corresponds to an initial merger $be intermediate nodes and
leaves correspond to the subsequent subsets, ith whe initial merger set was
split. An intermediate node denotes a subset tlaatsplit, due to training failure,
whereas a leaf denotes a subset that was suctgssdiied and produced a neu-
rule. The pivot of each (sub)set is attached tactireesponding branch of the tree.
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Figure 3 depicts the splitting tree correspondiaghte splitting process for the
merger set of Table 1.

Whenever a new symbolic rule R is inserted in SRB there are more than
one sibling neurule of R in NRB, the splitting tisexploited to focus the update
process on the neurules produced from the merdesesicontaining the rules
closest to R. To achieve this, the splitting tred¢raversed, starting from the root.
Traversing is based on the closeness of the irseute to the LCP members of
the merger subsets corresponding to the traverseesn Traversing ends at an in-
termediate node, when the corresponding mergeresgbstains a rule R' whose
closeness to the inserted rule is less than ttst téaseness. Otherwise, traversing
ends at a leaf. In case traversing stops at a tleafcorresponding neurule is re-
moved from the NRB, the merger corresponding ton® merger set is trained,
updating accordingly the NRB and the splitting trieecase traversing stops at an
intermediate node, the descending nodes as weatbassponding neurules are
removed, the new merger set is split in two subisated on LCP (R, R’), the two
corresponding mergers are trained updating acoglgdthe NRB and the splitting
tree. In any case, parts of the initial splittimget are exploited to avoid useless
computational effort.

{R1, R2, R3, R4, R5, R6, R7, R8}

R1 R7
{R1, R5, R6} {R2, R3, R4, R7, R8}
R1 R6
{R1, R5} {R6}

Fig. 3. The splitting tree for merger set of Table 1

Table 4. Inserted rule R9 and resulted neurule NR2-3-497-8-

R9 NR2-3-4-7-8-9
if patient-class is human36-55, (1.6)if pain-feature?2 is night (8.2),
pain-feature?2 is night, fever is high (8.0),
fever is high patient-class is human36-55 (5.0),
then disease-type is primary-malignant patient-class is human0-20 (4.9),

fever is medium (4.6),
fever is low (4.4)
then disease-type is primary-malignant

Whenever an existing symbolic rule R is removednfrS8RB and there are
more than one sibling neurule of R in NRB, thettiplj tree is exploited in a way
similar to the approach for rule insertion. Trauggsends at an intermediate node,
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when R is a member of LCP of its merger (sub)s#tefvise, traversing ends at a
leaf. Each case is handled accordingly.

It should be mentioned that in certain situatiohsute insertion/removal, the
number of neurules contained in the NRB may deerbgone. A detailed presen-
tation of the update mechanism along with expertaderesults is presented in
(Prentzas and Hatzilygeroudis 2005).

{R1, R2, R3, R4, R5 R6, R7, R8, R9}
~

R1 R7
\

{R1, R5, R6} {R2, R3, R4, R7, R8, RS}

R1, R5} [R6}

Fig. 4. Insertion of R9: traversal of the splitting tree

{R1, R2, R3, R4, R5, R6, R7, R8, R9}

R1 R7
{R1, R5, R6} {R2, R3, R4, R7, R8, RY}
R1 R6
{R1, R5} {R6}

Fig. 5. Final form of the splitting tree after insertionR®®9

We will demonstrate application of the update medra for rule insertion
with an example. Let us consider the rules in Tdblas constituting SRB and
those in Table 3 as constituting NRB. Also, suppbsée rule R9 (Table 4) is to be
inserted. Information contained in the splittingetrshown in Figure 3 is exploited
to efficiently perform the update of the NRB. Tresiag of the splitting tree ends
at the leaf related to subset {R2, R3, R4, R7, @8§ure 4). Notice that R9 is in-
serted into the merger sets corresponding to alletised nodes. NR2-3-4-7-8 is
removed from NRB. Training of the merger correspogdo the new merger
(sub)set {R2, R3, R4, R7, R8, R9} is successful #ml corresponding neurule
NR2-3-4-7-8-9 is inserted into NRB (Table 4). Th#iteng tree takes the form
shown in Figure 5.
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5 Producing a Neurule Base from Empirical Data

In several domains, empirical data in the formrafrting examples are available
and can be exploited to construct neurule bases.rBurules production algo-
rithm (NPA) constructs a neurule base from empliritzda. NPA requires the fol-
lowing input: a set of domain variables V represgnthe domain concepts with
their possible values, possible dependency infaomaamong domain variables
and a set of empirical data S. Dependency infoonaitidicates which variables
the intermediate, if any, and output variables delpan.

NPA tries to produce one neurule for each outpteimediate variable value
that is, one neurule for each possible outputimégtiate conclusion. This is not
always possible due to the fact that the trainetgnsay be inseparable. Therefore,
more than one neurule having the same conclusionbagroduced (i.esibling
neurules). The main steps of NPA are outlined as follows:

1. Constructinitial neurules, based on dependency information.
2. Extract aninitial training set for each initial neurule from S.
3. Train each initial neurule individually and produwmeresponding neurule(s).

Initial neurules represent the possible intermedit final conclusions. One
initial neurule is constructed for each value offeintermediate or output vari-
able. The conditions of each initial neurule inglute variables that contribute in
drawing the corresponding conclusion, as specifigdhe dependency informa-
tion. Then, for each initial neurule its correspimgdinitial training set is extracted
from the empirical dataset. A training pattern tresform [v v, . . . \ d], where d
is the desired value of a variable related to @arinediate or output conclusion
and v, i=1,...,n are the values of the variables it depeod, called component
values. We distinguish betweenccess examples andfailure examples in a train-
ing set. Success examples are those having ‘die(tras their desired value,
whereas failure examples are those having ‘-11963. Each initial neurule is in-
dividually trained, via the Least Mean Square (LM#orithm, using its own
training set. Training is not always successfudt ik a set of significance and bias
factors cannot always be found that correctly dasdl of the training examples.
This is the case when the training patterns arepasble. When the algorithm
succeeds, that is values for the bias and signifiedactors are calculated that
classify all training patterns, one neurule is proet. When it fails, due to insepa-
rability of the training examples, a splitting pess is followed. More specifically,
the initial training set of the neurule is splitartwo subsets and two copies of the
initial neurule are trained, each using one ofttA@ing subsets. If training of ei-
ther neurule copy fails, its subset is furthertsplio two other subsets and so on,
until there is no failure or a subset contains amg success pattern. In this way,
more than one neurule are produced, having the samditions with different
bias and significance factors and the same comeiusi
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Splitting is based on the notion of closeness betwtaining patterns. The
closeness between two examples is defined as tideruof their common com-
ponent values. Aeast closeness pair (LCP) consists of two success examples that
have the least closeness between them. Splittirjrang set is based on an LCP.
More specifically, each subset comprises one ofiteenbers of an LCP, the suc-
cess examples closer to it and all the failure eptamof the initial training set.

This stems from the intuition that existence oftgulifferent examples causes in-
separability.

Table5. The empirical data set S for the lenses examjulel@m

age spectacle

astigmatic tear-rate lenses-class
young myope no reduced no-lenses
young myope no normal soft-lenses
young myope yes reduced no-lenses
young myope yes normal hard-lenses
young hypermetrope no reduced no-lenses
young hypermetrope no normal soft-lenses
young hypermetrope yes reduced no-lenses
young hypermetrope yes normal hard-lenses
pre-presbyopic myope no reduced no-lenses
pre-presbyopic myope no normal soft-lenses
pre-presbyopic myope yes reduced no-lenses
pre-presbyopic myope yes normal hard-lenses
pre-presbyopic hypermetrope no reduced no-lenses
pre-presbyopic  hypermetrope no normal soft-lenses
pre-presbyopic  hypermetrope yes reduced no-lenses
pre-presbyopic  hypermetrope yes normal no-lenses
presbyopic myope no reduced no-lenses
presbyopic myope no normal no-lenses
presbyopic myope yes reduced no-lenses
presbyopic myope yes normal hard-lenses
presbyopic hypermetrope no reduced no-lenses
presbyopic hypermetrope no normal soft-lenses
presbyopic hypermetrope yes reduced no-lenses
presbyopic hypermetrope yes normal no-lenses

To demonstrate application of NPA, we use an exarppbblem taken from
the UCI Machine Learning ftp repository (Frank ak&lincion 2010); it is called
the LENSES problem. There are five domain varightegsr input (i.e. age, spec-
tacle, astigmatic, tear-rate) and one output (kemtess) that depends on the four
input variables. Table 5 shows the correspondingigcal dataset consisting of
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twenty-four (24) patterns. The output variable tak&ee possible values (i.e. no-
lenses, soft-lenses, hard-lenses) and therefore timitial neurules are con-
structed. A training set is extracted for eachahiteurule. Each of the three train-
ing sets consists of twenty-four (24) patterns. ph#erns in each of them have
the same input values, but different output values.

The (final) neurules produced are shown in Tablé&d. the first two initial
neurules, the calculated factors successfully ifiadsall training patterns. The
produced neurules NR1 and NR2. However, the sadrétdiappen with the third
initial neurule. Its training set had to be sgiitp copies of the third initial neurule
were trained with each subset and neurules andlyfinaurules NR3 and NR4
were produced.

Table 6. The neurules produced from the empirical setmsés problem

NR1 NR3
(-13.1)if age is young (8.8), (-4.6)if age is young (-4.4),

age is pre-presbyopic (1.5),
age is presbyopic (1.2),
spectacle is myope (1.6),

age is pre-presbyopic (2.6),
age is presbyopic (3.2),
spectacle is myope (-4.2),

spectacle is hypermetrope (-2.7),
astigmatic is no (-6.1),
astigmatic is yes (4.4),
tear-rate is reduced (-5.7),
tear-rate is normal (4.6)
then lenses-class is hard-lenses
NR2 NR4
(-14.6) if age is young (6.4), (-2.2) if age is young (-2.6),
age is pre-presbyopic (6.9), age is pre-presbyopic (-2.5),
age is presbyopic (-0.4), age is presbyopic (5.0),
spectacle is myope (-3.9), spectacle is myope (1.0),
spectacle is hypermetrope (3.1), spectacle is hypermetrope (-2.5),
astigmatic is no (6.9), astigmatic is no (5.1),
astigmatic is yes (-7.4), astigmatic is yes (-6.2),
tear-rate is reduced (-7.9), tear-rate is reduced (8.1),
tear-rate is normal (6.2) tear-rate is normal (-9.5)
then lenses-class is soft-lenses then lenses-class is no-lenses

spectacle is hypermetrope (3.4),
astigmatic is no (-4.5),
astigmatic is yes (3.3),
tear-rate is reduced (6.5),
tear-rate is normal (-8.0)

then lenses-class is no-lenses
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6 Efficient Updating of a Neurule Base Produced from
Empirical Data

In certain domains, training examples become dvigilaver time. Therefore, an
aspect of interest involves the efficient updatiea dIRB to reflect availability of
new empirical source knowledge. In (Prentzas antriljgeroudis 2007b) we
present an efficient mechanism for performing supldates. The mechanism is
based on splitting trees containing informationareigng the splitting process for
each training set of each initial neurule, in ailsimway to that in Section 4. The
root of each tree corresponds to the initial tragnset. Descendant nodes corre-
spond to the subsequent subsets into which thialifiaining set was split. Each
leaf denotes subsets that was successfully traameldproduced a neurule. The
members of the LCP that guided each split are ladthdo the corresponding
branches of the tree.

The splitting tree is useful to perform updatecase more than one sibling
neurules have been produced. The availability ob@ training example means
insertion of a new success example into a spedifi@al training set and insertion
of a new failure example into all other initialitveng sets. Splitting trees enable to
perform such updates efficiently.

To insert a new success example not satisfied dégxisting neurules produced
from the initial training set, the correspondindjtiipg tree is traversed to starting
from the root and ending at a leaf or an intermedide. Traversing is based on
the closeness between the new success examplehandCPs attached to the
edges of the splitting tree. Retraining of the esponding subset is performed
updating the NRB and the splitting tree.

The insertion of a failure example not satisfiedthyy existing neurules into an
initial training set requires training of the sutsseorresponding to leaves of the
splitting tree whose corresponding neurules misflaghe new failure example.
The corresponding existing neurules are removeth ftbe NRB, whereas the
newly created ones are inserted.

7 Neurule-based I nference Engine

The neurule-based inference engine implements the way neurules co-operate to
reach a conclusion. The choice of the next ruleet@onsidered is based on a neu-
rocomputing measure, but the rest is symbolic (Haeroudis and Prentzas
2010).

Generally, the output of a neurule is computed mting to Eqg. (1) (Section
2.1). However, it is possible to deduce the outgfud neurule without knowing
the values of all of its conditions. To achievesthwe define for each neurule the
known sum (kn-sum) and theremaining sum (remsum). More specifically,
‘known-sum’ is the weighted sum of the values @& #iready known (i.e. evalu-
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ated) conditions (inputs) of the corresponding akur‘Remaining sum’ is the
sum of absolute values of significance factors exponding to all unevaluated
conditions of the neurule. Therefore, ‘remaininghsvepresents the largest possi-
ble weighted sum of the remaining (i.e. unevalugatedditions of the neurule.

If |kn-sum| > rem-sum for a certain neurule, then evaluation of its gbods
can stop, because its output can be deduced regardf the values of the un-
evaluated conditions. In this case, its outputuargnteed to be ‘1’ ikn-sum > 0
whereas it is *-1', ifkn-sum < 0. In the first case, we say that the neurulerésl,
whereas in the second that iblecked.

A condition evaluates to ‘true’, if it matches &tfin the working memory that
is, there is a fact with the same variable, pradieand value. A condition evalu-
ates to ‘unknown’, if there is a fact with the san@iable, predicate and ‘un-
known’ as its value. A condition cannot be evaldaifethere is no fact in the
working memory with the same variable. In this ¢agther a question is made to
the user to provide data for the variable, in aafsan input variable, or an inter-
mediate neurule with a conclusion containing thealde is examined, in case of
an intermediate variable. A condition with an inpatiable evaluates to ‘false’, if
there is a fact in the working memory with the saragable, predicate and differ-
ent value. A condition with an intermediate var@klvaluates to ‘false’ if addi-
tionally to the latter there is no unevaluated rimediate neurule that has a con-
clusion with the same variable. Inference stoplseeitvhen one or more output
neurules are fired (success) or there is no furdlséon (failure). To facilitate in-
ference, conditions of neurules are organized aaogito the descending order of
their significance factors.

In (Hatzilygeroudis and Prentzas 2001a) we presetiel work for the provi-
sion of explanations concerning neurule-based émfez. Explanations involve
‘how’ type rules justifying how conclusions wereaohed.

Neurule-based inference has certain advantagesn\&heeurule base is pro-
duced from a symbolic rule base, experimental teshdve shown that neurule-
based inference is more efficient than the cornedjipg symbolic rule-based in-
ference (Hatzilygeroudis and Prentzas 2000b). Aerotidvantage of neurule-
based reasoning compared to symbolic rule-basetma® is the ability to reach
conclusions from neurules even if some of the doyth are unknown. This is not
possible in symbolic rule-based reasoning. A symlrale needs all its conditions
to be known in order to produce a conclusion.

Most neuro-symbolic approaches, except connecti@xgert systems, do not
support functionalities like interactive inferenmed provision of natural explana-
tions. Neurule-based inference is more efficieranthihe inference mechanism
used in connectionist expert systems (Hatzilygeioadd Prentzas 2010).
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8 Combining Neurule-Based and Case-Based Reasoning

Case-based reasoning is an approach that explotwl&dge encompassed in
stored past cases to handle similar new cases (dtzand Plaza 1994). It is useful
in several domains where an abundant number ofgaasts are available. A case-
based system stores useful experience obtained hdnsdiing new cases and is
continuously enhanced during operation. Case-besm@sentations offer several
advantages such as easy knowledge acquisitioratraéss, modularity, ability to
express specialized knowledge, self-updatabilityer€ are also issues of CBR
that may give rise to problems such as adaptaiiderence efficiency regarding
case retrieval, provision of explanations, diffiees in knowledge acquisition in
certain domains (Prentzas and Hatzilygeroudis 2020@9).

Combinations of case-based reasoning with othelliggnt methods have been
pursued in several domains resulting into morectffe representation schemes.
One of the most effective types of combinationsolmgs combination of case-
based reasoning with rule-based reasoning (Preatmhd1atzilygeroudis 2007a).
Such combinations offer benefits since the adva#tad rule-based reasoning and
case-based reasoning are complementary to a lagreal An overall advantage
of such combined approaches involves naturalnessranaularity of the represen-
tation scheme. Neurules are a type of integratées roffering advantages com-
pared to symbolic rules. In (Prentzas and Hatzilggdis 2002, Hatzilygeroudis
and Prentzas 2004c) we explored the combinationeofule-based with case-
based reasoning. A main benefit, among othersyidgrifrom this combination
concerns accuracy improvement as cases may fgaps of neurules in domain
knowledge representation. Furthermore, charadtsistf the formalism involve
naturalness, modularity, ability to exploit mulgplypes of knowledge sources and
self-updatability. Few approaches combine caseebasasoning with multiple
other intelligent methods with the other methodad®utside the case-based rea-
soning cycle.

In the representation scheme combining neurulel vase-based reasoning,
neurules index cases representing their exceptidhs. indexing construction
module implements the process of acquiring an imgescheme. The specific
process may take as input alternative types oflablai knowledge: (a) available
neurules and cases or (b) available symbolic mesexception cases.

Let us consider that the indexing process takéspag available neurules and
cases. To acquire an indexing scheme, neurule-br@ssdning is performed for
the neurules based on the attribute values of eash. A case is indexed as a neu-
rule’s exception, whenever the neurule fires aredvtlue of the conclusion vari-
able do not match the corresponding attribute vafuibe case.

The alternative type of knowledge concerns an alibglformalism of symbolic
rules and indexed exception cases as the one pedsen(Golding and Rosen-
bloom 1996). The indexing scheme is acquired kst fionverting symbolic rules
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to neurules and then associating the produced kesuntith the exception cases of
the symbolic rules belonging to their merger sets

The hybrid inference process combining neurule-thagéh case-based reason-
ing focuses on neurules (i.e. neurule-based relagpnif an adequate number of
the conditions of a neurule are fulfilled so thatan fire, firing of the neurule is
suspended and CBR is performed for its indexedpiare cases. CBR results are
evaluated as in (Golding and Rosenbloom 1996)gessswhether the neurule will
fire or whether the conclusion proposed by the ptior case will be considered
valid.

9 Conclusions

In this paper, we present an overview of our masearch work involving neu-
rules, a type of hybrid neuro-symbolic rules. Atraative feature of neurules is
that compared to other connectionist approachgsrétain the modularity and to
some degree the naturalness of symbolic rulesomtrast to most neuro-symbolic
approaches, a neurule-based system also provideseaactive inference mecha-
nism and explanation facilities. We outlined aspesgarding construction of
neurules from symbolic rule bases or empirical defficient updating of a neu-
rule base constructed from symbolic rule basesngiical data, neurule-based
inference and combination of neurules with casethasasoning.

Neurules have been used in developing an Intellietoring System (Prent-
zas, Hatzilygeroudis and Garofalakis 2002, Hatahpgidis and Prentzas 2004b).
Intelligent Tutoring Systems (ITSs) require diserehowledge bases to perform
tasks of their different units (i.e. user modelingt, pedagogical unit). Neurules
facilitated the development and performance oflTi& since they satisfy most of
the representation requirements concerning ITSsz{geroudis and Prentzas
2004d, 2006). More specifically, neurule baseshmnonstructed from alternative
knowledge sources producing a natural and modejaresentation scheme. In-
cremental development of neurule bases is alsoostgzbto accommodate source
knowledge changes. Furthermore, neurule-basedeimferis natural, robust and
time-efficient.

Our future work is directed to a number of aspestech aspects involve find-
ing ways to (a) improve the neurule-based inferaifieiency, (b) provide natural
explanations, (c) incorporate fuzziness into negwnd (d) improve the mecha-
nisms constructing neurules. Another future dimattvill involve use of neurules
in different applications.
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