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Neurules-A Type of Neuro-Symbolic Rules: An 
Overview 

Jim Prentzas1, Ioannis Hatzilygeroudis2 

Abstract Neurules are a kind of integrated rules integrating neurocomputing and produc-
tion rules. Each neurule is represented as an adaline unit. Thus, the corresponding neurule 
base consists of a number of autonomous adaline units (neurules). Due to this fact, a modu-
lar and natural knowledge base is constructed, in contrast to existing connectionist knowl-
edge bases. In this paper, we present an overview of our main work involving neurules. We 
focus on aspects concerning construction of neurules, efficient updates of neurule bases, 
neurule-based inference and combination of neurules with case-based reasoning. Neurules 
may be constructed from either symbolic rule bases or empirical data in the form of training 
examples. Due to the fact that the source knowledge of neurules may change with time, ef-
ficient updates of corresponding neurule bases to reflect such changes are performed. Fur-
thermore, the neurule-based inference mechanism is interactive and more efficient than the 
inference mechanism used in connectionist expert systems. Finally, neurules can be natu-
rally combined with case-based reasoning to provide a more effective representation 
scheme that exploits multiple knowledge sources and provides enhanced reasoning capa-
bilities. 

1  Introduction 

The combination or integration of (two or more) different problem solving meth-
ods has given fruitful results in many application areas. The aim is to create com-
bined formalisms or systems that benefit from each of their components. Disad-
vantages or limitations of specific intelligent methods can be surpassed or 
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alleviated by their combination with other methods. It is generally believed that 
complex problems can be easier solved with such combinations (Medsker 1995).  

A popular type of combinations is that of symbolic and connectionist ap-
proaches, usually called the neuro-symbolic approach. Advanced neuro-symbolic 
formalisms and systems have been developed (Bookman and Sun 1993, Fu 1994, 
Medsker 1995, Hilario 1997, Sun and Alexandre 1997, McGarry et al. 1999; 
Wermter and Sun 2000, Cloete and Zurada 2000, d’Avila Garcez et al 2002, 
d’Avila Garcez et al 2004, Hatzilygeroudis and Prentzas 2004a, Bader and Hitzler 
2005). Different types of neuro-symbolic approaches have been developed such as 
combinations of connectionist approaches with first-order logic (Bader et al. 2008, 
Shastri 2007), or with multi-valued logic (Komendantskaya et al. 2007) or with 
non-classical logic (d’Avila Garcez et al. 2007) or with symbolic rules (of pro-
positional type) (Gallant 1993, Towell and Shavlik 1994, Fu 1993, Hatzilyger-
oudis and Prentzas 2000b and 2001b). However, combinations of neural networks 
and symbolic rules seem to have given more applied results (Souici-Meslati and 
Sellami 2006, Xianyu et al. 2008, Yu et al. 2008) due to the complementary ad-
vantages and disadvantages of the two combined formalisms (Hatzilygeroudis and 
Prentzas 2004a). 

Symbolic rules have several advantages as well as some significant disadvan-
tages in terms of knowledge representation and reasoning. Their main advantages 
involve naturalness of representation and modularity (see e.g. Reichgelt 1991). 
The naturalness of rules facilitates comprehension of their encompassed knowl-
edge. Modularity refers to the fact that each rule is a discrete, autonomous unit 
enabling incremental development of the knowledge base as well as partial testing. 
Moreover, rule based systems provide an interactive inference mechanism, which 
guides the user in supplying input values, and an explanation mechanism, which 
justifies the reached conclusions. The provision of explanations is necessary in 
certain application domains (e.g. medicine) to justify system outputs. Symbolic 
rules have certain drawbacks besides advantages. An important disadvantage con-
cerns the knowledge acquisition bottleneck that is, the difficulty in acquiring rules 
from experts (see e.g. Gonzalez and Dankel 1993). The brittleness of rules is an-
other disadvantage. More specifically, it is not possible to draw conclusions from 
rules when there are missing values in the input data. For a specific rule, a certain 
number of condition values must be known in order to evaluate the logical func-
tion connecting its conditions. In addition, rules do not perform well in cases of 
unexpected input values or combinations of them. 

Neural networks represent a totally different approach to problem solving, 
known as connectionism (see e.g. Gallant 1993, Haykin 2008). Neural networks 
possess certain advantages but disadvantages as well. They are able to obtain 
knowledge from training examples. Therefore, empirical knowledge (i.e. training 
examples) available in several domains is exploited and interaction with the ex-
perts is reduced. Additional advantages of neural networks concern their ability to 
generalize that is, provide computation of correct outputs from input combinations 
not present in the training set, their ability to represent complex and imprecise 
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knowledge and their efficiency in producing outputs. Compared to symbolic rules, 
neural networks possess significant disadvantages. Main such disadvantages con-
cern the lack of naturalness and modularity. It is difficult to comprehend the 
knowledge encompassed in neural networks and for this reason several rule ex-
traction methods have been presented (Andrews et al. 1995). Due to the lack of 
modularity, a neural network cannot be decomposed into components and form a 
modular structure. The aforementioned drawbacks result into the difficulty (if not 
inability) in providing explanations for outputs produced by neural networks. 

From the various neuro-symbolic approaches that have been presented, we 
concentrate on combinations that result in a uniform, seamless combination of the 
two component approaches. Such combinations are called unified, according to 
(Hilario, 1997), or integrated, according to (Bader and Hitzler, 2005). A main re-
search direction at combining rules and neural networks involves use of prior do-
main knowledge in neural network configuration. One could discern two different 
trends in this research direction. The one trend stems from (Holldobler and Ka-
linke 1994), where a connectionist network is developed that implements the 
meaning function of a propositional (definite) logic program. The other trend 
stems from (Towell and Shavlik 1994), which consists of two main steps: an exist-
ing domain theory in the form of propositional rules is used to construct an initial 
neural network and then training data are used to train the network. On the other 
hand, connectionist expert systems are integrated systems that represent relation-
ships between concepts associated with nodes in a neural network (Gallant 1988, 
Gallant 1993, Ghalwash 1998). The network also contains certain random cells 
that have no concepts assigned to them. These cells are introduced during con-
struction. 

Most (if not all) of existing such approaches give pre-eminence to connection-
ism. Thus, they do not exploit representational advantages of symbolic rules, like 
naturalness and modularity. Moreover, with the exception of connectionist expert 
systems, they do not provide the functionalities of a rule-based system, like inter-
active inference and explanation. It should also be mentioned that as far as con-
nectionist expert systems are concerned, the presence of random cells results in 
certain incomprehensible explanations. 

Neurules (Hatzilygeroudis and Prentzas 2000a, Hatzilygeroudis and Prentzas 
2000b, Hatzilygeroudis and Prentzas 2001b) are a type of integrated rules combin-
ing symbolic rules (of propositional type) and neurocomputing. In contrast to oth-
er approaches, neurules give pre-eminence to the symbolic part of the integration. 
Therefore, they retain the naturalness and modularity of symbolic rules in a large 
degree. Neurules can be produced either from symbolic rules or from empirical 
data (Hatzilygeroudis and Prentzas 2000a, 2001b). Also a neurule-based system 
possesses an interactive inference mechanism (Hatzilygeroudis and Prentzas 2010) 
and provides explanations for drawn conclusions (Hatzilygeroudis and Prentzas 
2001a). Mechanisms for efficiently updating a neurule base, given changes to its 
source knowledge (i.e. symbolic rules or empirical data), have also been devel-
oped (Prentzas and Hatzilygeroudis 2005, Prentzas and Hatzilygeroudis 2007b). 
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Neurules may also be effectively combined with case-based reasoning (Prentzas 
and Hatzilygeroudis 2002, Hatzilygeroudis and Prentzas 2004c). 

In this paper, we present an overview of our work concerning neurules. The 
structure of the paper is as follows. Section 2 presents the neurule-based knowl-
edge representation scheme. In Section 3 production of neurules from existing 
symbolic rules is presented. Section 4 discusses aspects regarding the mechanism 
for efficiently updating a neurule base given changes to its symbolic source know-
ledge (i.e. symbolic rule base). Section 5 outlines construction of neurules from 
empirical data. Section 6 briefly discusses aspects regarding efficient updates of a 
neurule base due to availability of new empirical source data. Section 7 discusses 
the interactive neurule-based inference mechanism. Section 8 discusses issues 
concerning combination of neurules with case-based reasoning. Finally, Section 9 
concludes. 

2 Neurules 

2.1 Syntax and Semantics 

Neurules are a kind of integrated rules. The form of a neurule is depicted in 
Fig.1a. Each condition Ci is assigned a number sfi, called its significance factor. 
Moreover, each rule itself is assigned a number sf0, called its bias factor. Inter-
nally, each neurule is considered as an adaline unit (Fig.1b). The inputs Ci 
(i=1,...,n) of the unit are the conditions of the rule. The weights of the unit are the 
significance factors of the neurule and its bias is the bias factor of the neurule. 
Each input takes a value from the following set of discrete values: [1 (true), -1 
(false), 0 (unknown)]. 

The output D, which represents the conclusion (decision) of the rule, is calcu-
lated via the standard formulas: 
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where a is the activation value and f(x) the activation function, which is a 
threshold function. Hence, the output can take one of two values (‘-1’, ‘1’) repre-
senting failure and success of the rule respectively. The significance factor of a 
condition represents the significance (weight) of the condition in drawing the con-
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clusion. The LMS learning algorithm is used to compute the values of the signifi-
cance factors as well as the bias factor of a neurule. Examples of neurules are 
shown in Table 3. 

The general syntax of a neurule (in a BNF notation, where ‘< >’ denotes non-
terminal symbols) is: 

<rule>::= (<bias-factor>) if <conditions> then <conclusion> 
<conditions>::= <condition> | <condition>,<conditions> 
<condition>::= <variable> <l-predicate> <value> (<significance-factor>) 
<conclusion>::= <variable> <r-predicate> <value> . 

where <variable> denotes a variable, that is a symbol representing a concept in 
the domain, e.g. ‘sex’, ‘pain’ etc in a medical domain, and <l-predicate> denotes a 
symbolic or a numeric predicate. The symbolic predicates are {is, isnot}, whereas 
the numeric predicates are {<, >, =}. <r-predicate> can only be a symbolic predi-
cate. <value> denotes a value; it can be a symbol (e.g. “male”, “night-pain”) or a 
number (e.g “5”). <bias-factor> and <significance-factor> are (real) numbers. 

 
 
 
 
 
 
 
 
 
  (a)     (b) 
 

Fig. 1. (a) Form of a neurule (b) a neurule as an adaline unit 

We distinguish three types of variables: 

• input or askable variables, that is variables for which the user will be prompted 
to give a value during inference, 

• intermediate or inferable variables, that is variables constituting intermediate 
goals of the inference process, 

• output or goal variables, that is variables constituting the (final) goals of the in-
ference process. 

We also distinguish between input, intermediate and output neurules. An input 
neurule is a neurule having only input variables in its conditions and intermediate 
or output variables in its conclusions. An intermediate neurule is a neurule having 
at least one intermediate variable in its conditions and intermediate variables in its 
conclusions. An output neurule is one having an output variable in its conclusions. 

(sf0) if C1 (sf1), 

           C2   (sf2), 

               … 

            Cn (sfn) 

        then D 
C1 C2 Cn 

. . . 
(sf1) 

(sf2) 
(sfn) 

(sf0) 

D 
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2.2 Neurule-Based System Architecture 

In Figure 2, the architecture of a neurule-based system is illustrated. The run-time 
system (in the dashed rectangle) consists of five modules: the neurule base (NRB), 
the hybrid inference engine (HIE), the working memory (WM), the explanation 
mechanism (EXM) and the indexed case library (ICL). The first four of these 
modules are more or less functionally similar to those of a conventional rule-based 
system. HIE in combination with ICL can provide additional reasoning capabili-
ties (i.e. handling of exceptional situations). 

 

Fig. 2. The architecture of a neurule-based system 

NRB contains neurules alongside certain information useful for updating neu-
rules when the source knowledge changes (see Sections 4 and 6). HIE is responsi-
ble for making inferences. HIE either performs purely neurule-based inference by 
taking into account the data in WM and the neurules in NRB or combines neurule-
based with case-based reasoning by also taking into account cases stored in the 
ICL. WM contains fact assertions either given by the user, as initial input data or 
during an inference course, or produced by the system, as intermediate or final 
conclusions during an inference course. ICL contains cases indexed by neurules in 
the NRB and is used by the approach combining neurule-based with case-based 
reasoning (see Section 8). 

The architecture also includes certain offline modules useful for producing and 
updating the contents of the NRB and for constructing an indexed case library 
(ICL). The contents of the NRB are produced from a symbolic rule base (SRB) or 
from empirical data (ED). Construction of a NRB from a symbolic rule base is 
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performed by the rule conversion mechanism (RCM) presented in Section 3. Con-
struction of a NRB from empirical data is performed by the neurules production 
algorithm (NPA) presented in Section 5. The rule update mechanism (RUM) up-
dates the NRB to reflect changes to its symbolic rule source (see Section 4). RUM 
interacts with the RCM to perform its tasks. The data update mechanism (DUM) 
updates the NRB when new empirical data becomes available (see Section 6). The 
indexing construction mechanism (ICM) constructs an ICL by taking as input a 
case library (CL) and either symbolic rules indexing cases in CL or neurules. 

3 Construction of a Neurule Base from a Symbolic Rule Base 

As mentioned above, neurules can be produced from either symbolic rules or em-
pirical data. Here, we concentrate on the former. 

An existing (propositional type) SRB can be converted to a neurule base (NRB) 
by the rule conversion mechanism. The corresponding conversion mechanism is 
described in (Hatzilygeroudis and Prentzas 2000b). Conversion does not involve 
refinement of SRB, but creates an equivalent knowledge base. This means that the 
conclusions drawn from NRB are the same as those drawn from SRB, given the 
same inputs. Each produced neurule usually merges two or more symbolic rules 
with the same conclusion. Therefore, the size of the produced NRB is less than 
that of SRB as far as both the number of rules and the number of conditions is 
concerned. This results in improvements to the efficiency of the inferences from 
NRB, compared to those from SRB (Hatzilygeroudis and Prentzas 2000b). 

The conversion mechanism is outlined as follows: 

1. Group symbolic rules into merger sets. 
2. From each merger set, produce a merger. 
3. Produce a training set for each merger. 
4. Train each merger and produce one or more neurules. 

Each merger set contains all the rules of the SRB having the same conclusion. 
We call such merger sets initial merger sets. A merger is a neurule having as con-
ditions all the conditions of the symbolic rules in the corresponding merger set 
(without duplications) and significance factors as well as bias factor set to zero (or 
any other proper initial value). Each training set is extracted from the truth table of 
the combined logical function of the rules in its merger set (the disjunction of the 
conjunctions of the conditions of each rule), via a filtering process. Filtering 
eliminates the invalid rows of the truth table. Invalid rows are those with contra-
dicting or inconsistent values. 

Training of mergers is performed using the standard LMS algorithm. A limita-
tion of the LMS algorithm is its inability to find a set of significance and bias fac-
tors that classify correctly all of the training patterns, in case that the training pat-
terns of the training set are inseparable. In case that training is successful, one 
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neurule will be produced. Otherwise, a splitting process is followed, which pro-
duces more than one neurule having the same conclusion, called sibling neurules.  

Table 1. An example merger set 

R1 

if patient-class is human0-20, 

   pain-feature2 is continuous, 

   fever is no-fever, 

   antinflam-reaction is none 

then disease-type is primary-malignant 

 

R2 

if patient-class is human0-20, 

   pain-feature2 is night, 

   fever is low 

then disease-type is primary-malignant  

  

R3 

if patient-class is human0-20, 

   pain-feature2 is night, 

   fever is medium 

then disease-type is primary-malignant  

  

R4 

if patient-class is human0-20, 

   pain-feature2 is night, 

   fever is high 

then disease-type is primary-malignant 

R5 

if patient-class is human0-20, 

   pain-feature2 is night, 

   fever is no-fever, 

   antinflam-reaction is none 

then disease-type is primary-malignant 

 

R6 

if patient-class is human21-35, 

   pain-feature2 is night, 

   antinflam-reaction is none 

then disease-type is primary-malignant  

 

R7 

if patient-class is human36-55, 

   pain-feature2 is night, 

   fever is low 

then disease-type is primary-malignant  

 

R8 

if patient-class is human36-55, 

   pain-feature2 is night, 

   fever is medium 

then disease-type is primary-malignant 
 
Splitting is performed in a way that each subset contains symbolic rules that are 

‘close’ to each other in some degree. Closeness between two symbolic rules is de-
fined as the number of their common conditions. Splitting is based on the notion 
of closeness due to the observation that separable sets have rules with larger aver-
age closeness than inseparable ones. A least closeness pair (LCP) of rules in a 
merger set is a pair of rules with the least closeness (LC) in the set. Initially, a 
LCP in the merger set is found and two subsets are created each containing as its 
initial element one of the rules of that pair, called its pivot. Each of the remaining 
rules is distributed between the two subsets based on their closeness to their piv-
ots. That is, each subset contains rules, which are closer to its pivot. If training 
fails, for a merger of a merger subset, the corresponding subset is further split into 
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two other subsets, based on one of its LCPs. This continues, until training suc-
ceeds or the merger subset contains only one rule that is converted into a neurule. 

As an example, to demonstrate application of the main steps of the conversion 
mechanism, we use the merger set of Table 1 that consists of eight symbolic rules 
{R1, R2, R3, R4, R5, R6, R7, R8}, taken from a medical diagnosis rule base. The 
merger constructed from this (initial) merger set contains the ten distinct condi-
tions of the eight rules and is shown in Table 2. The training set of the merger is 
extracted from the truth table of the combined logical function of the rules of the 
merger set:  

F = (C1 ∧ C2 ∧ C3 ∧ C4) ∨ (C1 ∧ C5 ∧ C6) ∨ (C1 ∧ C5 ∧ C7) 
      ∨ (C1 ∧ C5 ∧ C8) ∨ (C1 ∧ C5 ∧ C3 ∧ C4) ∨ (C9 ∧ C5 ∧ C4)  

∨ (C10 ∧ C5 ∧ C6) ∨ (C10 ∧ C5 ∧ C7) 
where C1≡patient-class is human0-20, C2≡pain-feature2 is continuous, C3≡fever 
is no-fever, C4≡antinflam-reaction is none, C5≡pain-feature2 is night, C6≡ fever 
is low, C7≡ fever is medium, C8≡ fever is high, C9≡ patient-class is human21-35, 
C10≡ patient-class is human36-55. 

Table 2. The merger of the merger set of Table 1 

(0) if patient-class is human0-20 (0), 

         pain-feature2 is continuous (0), 

         fever is no-fever (0), 

         antinflam-reaction is none (0), 

         pain-feature2 is night (0), 

         fever is low (0), 

         fever is medium (0), 

         fever is high (0), 

         patient-class is human21-35 (0), 

         patient-class is human36-55 (0) 

      then disease-type is primary-malignant 
 

The truth table of F contains 210=1024 training patterns, from which only 120 
patterns remain after application of the filtering process. The training patterns of 
the training set are inseparable and the initial merger set is split in two subsets: 
MS1={R1, R5, R6} and MS2={R2, R3, R4, R7, R8}. The LCP that guides split-
ting is (R1, R7). Training of the merger of MS1 is not successful. So, {R1, R5, 
R6} is split in {R1, R5} and {R6} with LCP: (R1, R6). The merger of {R1, R5} is 
successfully trained and neurule NR1-5 is produced. Rule R6 is converted to a 
neurule (i.e. NR6). The merger of MS2 is successfully trained and neurule NR2-3-
4-7-8 is produced. So, finally, from the initial merger set of eight symbolic rules, 
three neurules are produced. The produced neurules are shown in Table 3. 
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Table 3. Neurules produced from the merger set of Table 1 

NR1-5 

(-2.5) if fever is no-fever (1.4), 

             antinflam-reaction is none (1.3), 

             patient-class is human0-20 (0.8), 

             pain-feature2 is continuous (0.8), 

             pain-feature2 is night (0.8) 

          then disease-type is primary-malignant 

 

NR6 

(-2.4) if patient-class is human21-35 (1.5), 

              pain-feature2 is night (1.4), 

              antinflam-reaction is none (1.3) 

          then disease-type is primary-malignant 

NR2-3-4-7-8 

(1.6) if patient-class is human0-20 (8.5), 

            pain-feature2 is night (8.2), 

            fever is medium (8.2), 

            patient-class is human36-55 (5.0), 

            fever is low (4.4), 

            fever is high (0.8) 

         then disease-type is primary-malignant 

4 Efficient Updating of a Neurule Base Produced from a 
Symbolic Rule Base 

An aspect of interest involves the efficient updates of a NRB to reflect changes to 
its symbolic source knowledge. The basic changes to SRB can be (a) insertion of a 
new rule and (b) removal (or deletion) of an existing rule, since modification of a 
rule is equivalent to removal of the old rule and insertion of the new one. One ap-
proach to reflect such changes would be to reconvert the whole SRB and repro-
duce the whole NRB. Obviously such an approach would impose useless compu-
tational effort due to the fact that only specific parts of the SRB are affected from 
changes. To minimize the computational effort for performing updates, an effi-
cient mechanism has been developed (Prentzas and Hatzilygeroudis 2005) that re-
converts as small portion of SRB as possible. The modularity of NRB enables 
such an approach. Furthermore, the number of neurules after an update remains as 
small as possible, which is a significant aspect in terms of inference time-
efficiency. 

The update mechanism exploits the structure of a tree, called the splitting tree, 
that stores information related to the conversion process. More specifically, a 
splitting tree is used to store the splitting process for each initial merger set. The 
root of a tree corresponds to an initial merger set. The intermediate nodes and 
leaves correspond to the subsequent subsets, into which the initial merger set was 
split. An intermediate node denotes a subset that was split, due to training failure, 
whereas a leaf denotes a subset that was successfully trained and produced a neu-
rule. The pivot of each (sub)set is attached to the corresponding branch of the tree. 
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Figure 3 depicts the splitting tree corresponding to the splitting process for the 
merger set of Table 1. 

Whenever a new symbolic rule R is inserted in SRB and there are more than 
one sibling neurule of R in NRB, the splitting tree is exploited to focus the update 
process on the neurules produced from the merger subset containing the rules 
closest to R. To achieve this, the splitting tree is traversed, starting from the root. 
Traversing is based on the closeness of the inserted rule to the LCP members of 
the merger subsets corresponding to the traversed nodes. Traversing ends at an in-
termediate node, when the corresponding merger subset contains a rule R' whose 
closeness to the inserted rule is less than the least closeness. Otherwise, traversing 
ends at a leaf. In case traversing stops at a leaf, the corresponding neurule is re-
moved from the NRB, the merger corresponding to the new merger set is trained, 
updating accordingly the NRB and the splitting tree. In case traversing stops at an 
intermediate node, the descending nodes as well as corresponding neurules are 
removed, the new merger set is split in two subsets based on LCP (R, R'), the two 
corresponding mergers are trained updating accordingly the NRB and the splitting 
tree. In any case, parts of the initial splitting tree are exploited to avoid useless 
computational effort. 
 

 

Fig. 3. The splitting tree for merger set of Table 1 

Table 4. Inserted rule R9 and resulted neurule NR2-3-4-7-8-9 

R9 

if patient-class is human36-55, 

   pain-feature2 is night, 

   fever is high 

then disease-type is primary-malignant 

NR2-3-4-7-8-9 

(1.6) if pain-feature2 is night (8.2), 

            fever is high (8.0), 

            patient-class is human36-55 (5.0), 

            patient-class is human0-20 (4.9), 

           fever is medium (4.6), 

           fever is low (4.4) 

         then disease-type is primary-malignant 

 
Whenever an existing symbolic rule R is removed from SRB and there are 

more than one sibling neurule of R in NRB, the splitting tree is exploited in a way 
similar to the approach for rule insertion. Traversing ends at an intermediate node, 
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when R is a member of LCP of its merger (sub)set. Otherwise, traversing ends at a 
leaf. Each case is handled accordingly. 

It should be mentioned that in certain situations of rule insertion/removal, the 
number of neurules contained in the NRB may decrease by one. A detailed presen-
tation of the update mechanism along with experimental results is presented in 
(Prentzas and Hatzilygeroudis 2005). 

 

Fig. 4. Insertion of R9: traversal of the splitting tree 

 

 

Fig. 5. Final form of the splitting tree after insertion of R9 

We will demonstrate application of the update mechanism for rule insertion 
with an example. Let us consider the rules in Table 1 as constituting SRB and 
those in Table 3 as constituting NRB. Also, suppose that rule R9 (Table 4) is to be 
inserted. Information contained in the splitting tree shown in Figure 3 is exploited 
to efficiently perform the update of the NRB. Traversing of the splitting tree ends 
at the leaf related to subset {R2, R3, R4, R7, R8} (Figure 4). Notice that R9 is in-
serted into the merger sets corresponding to all traversed nodes. NR2-3-4-7-8 is 
removed from NRB. Training of the merger corresponding to the new merger 
(sub)set {R2, R3, R4, R7, R8, R9} is successful and the corresponding neurule 
NR2-3-4-7-8-9 is inserted into NRB (Table 4). The splitting tree takes the form 
shown in Figure 5. 
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5 Producing a Neurule Base from Empirical Data 

In several domains, empirical data in the form of training examples are available 
and can be exploited to construct neurule bases. The neurules production algo-
rithm (NPA) constructs a neurule base from empirical data. NPA requires the fol-
lowing input: a set of domain variables V representing the domain concepts with 
their possible values, possible dependency information among domain variables 
and a set of empirical data S. Dependency information indicates which variables 
the intermediate, if any, and output variables depend on.  

NPA tries to produce one neurule for each output/intermediate variable value 
that is, one neurule for each possible output/intermediate conclusion. This is not 
always possible due to the fact that the training set may be inseparable. Therefore, 
more than one neurule having the same conclusion may be produced (i.e. sibling 
neurules). The main steps of NPA are outlined as follows: 

1. Construct initial neurules, based on dependency information. 
2. Extract an initial training set for each initial neurule from S. 
3. Train each initial neurule individually and produce corresponding neurule(s). 

Initial neurules represent the possible intermediate or final conclusions. One 
initial neurule is constructed for each value of each intermediate or output vari-
able. The conditions of each initial neurule include the variables that contribute in 
drawing the corresponding conclusion, as specified by the dependency informa-
tion. Then, for each initial neurule its corresponding initial training set is extracted 
from the empirical dataset. A training pattern has the form [v1 v2 . . . vn d], where d 
is the desired value of a variable related to an intermediate or output conclusion 
and vi, i=1,…,n are the values of the variables it depends on, called component 
values. We distinguish between success examples and failure examples in a train-
ing set. Success examples are those having ‘1’ (‘true’) as their desired value, 
whereas failure examples are those having ‘-1’ (‘false’). Each initial neurule is in-
dividually trained, via the Least Mean Square (LMS) algorithm, using its own 
training set. Training is not always successful, that is a set of significance and bias 
factors cannot always be found that correctly classify all of the training examples. 
This is the case when the training patterns are inseparable. When the algorithm 
succeeds, that is values for the bias and significance factors are calculated that 
classify all training patterns, one neurule is produced. When it fails, due to insepa-
rability of the training examples, a splitting process is followed. More specifically, 
the initial training set of the neurule is split into two subsets and two copies of the 
initial neurule are trained, each using one of the training subsets. If training of ei-
ther neurule copy fails, its subset is further split into two other subsets and so on, 
until there is no failure or a subset contains only one success pattern. In this way, 
more than one neurule are produced, having the same conditions with different 
bias and significance factors and the same conclusion. 
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Splitting is based on the notion of closeness between training patterns. The 
closeness between two examples is defined as the number of their common com-
ponent values. A least closeness pair (LCP) consists of two success examples that 
have the least closeness between them. Splitting a training set is based on an LCP. 
More specifically, each subset comprises one of the members of an LCP, the suc-
cess examples closer to it and all the failure examples of the initial training set. 
This stems from the intuition that existence of quite different examples causes in-
separability.  

Table 5. The empirical data set S for the lenses example problem 

age spectacle astigmatic tear-rate lenses-class 

young myope no reduced no-lenses 

young myope no normal soft-lenses 

young myope yes reduced no-lenses 

young myope yes normal hard-lenses 

young hypermetrope no reduced no-lenses 

young hypermetrope no normal soft-lenses 

young hypermetrope yes reduced no-lenses 

young hypermetrope yes normal hard-lenses 

pre-presbyopic myope no reduced no-lenses 

pre-presbyopic myope no normal soft-lenses 

pre-presbyopic myope yes reduced no-lenses 

pre-presbyopic myope yes normal hard-lenses 

pre-presbyopic hypermetrope no reduced no-lenses 

pre-presbyopic hypermetrope no normal soft-lenses 

pre-presbyopic hypermetrope yes reduced no-lenses 

pre-presbyopic hypermetrope yes normal no-lenses 

presbyopic myope no reduced no-lenses 

presbyopic myope no normal no-lenses 

presbyopic myope yes reduced no-lenses 

presbyopic myope yes normal hard-lenses 

presbyopic hypermetrope no reduced no-lenses 

presbyopic hypermetrope no normal soft-lenses 

presbyopic hypermetrope yes reduced no-lenses 

presbyopic hypermetrope yes normal no-lenses 

 
To demonstrate application of NPA, we use an example problem taken from 

the UCI Machine Learning ftp repository (Frank and Asuncion 2010); it is called 
the LENSES problem. There are five domain variables, four input (i.e. age, spec-
tacle, astigmatic, tear-rate) and one output (lenses-class) that depends on the four 
input variables. Table 5 shows the corresponding empirical dataset consisting of 



15 

twenty-four (24) patterns. The output variable takes three possible values (i.e. no-
lenses, soft-lenses, hard-lenses) and therefore three initial neurules are con-
structed. A training set is extracted for each initial neurule. Each of the three train-
ing sets consists of twenty-four (24) patterns. The patterns in each of them have 
the same input values, but different output values. 

The (final) neurules produced are shown in Table 6. For the first two initial 
neurules, the calculated factors successfully classified all training patterns. The 
produced neurules NR1 and NR2. However, the same didn’t happen with the third 
initial neurule. Its training set had to be split, two copies of the third initial neurule 
were trained with each subset and neurules and finally neurules NR3 and NR4 
were produced.  

Table 6. The neurules produced from the empirical set of lenses problem 

NR1 

(-13.1) if age is young (8.8), 

                age is pre-presbyopic (1.5), 

                age is presbyopic (1.2), 

                spectacle is myope (1.6), 

                spectacle is hypermetrope (-2.7), 

                astigmatic is no (-6.1), 

                astigmatic is yes (4.4), 

                tear-rate is reduced (-5.7), 

                tear-rate is normal (4.6) 

            then lenses-class is hard-lenses 

NR3 

(-4.6) if age is young (-4.4), 

              age is pre-presbyopic (2.6), 

              age is presbyopic (3.2), 

              spectacle is myope (-4.2), 

              spectacle is hypermetrope (3.4), 

              astigmatic is no (-4.5), 

              astigmatic is yes (3.3), 

              tear-rate is reduced (6.5), 

              tear-rate is normal (-8.0) 

           then lenses-class is no-lenses 

NR2 

(-14.6) if age is young (6.4), 

                age is pre-presbyopic (6.9), 

                age is presbyopic (-0.4), 

                spectacle is myope (-3.9), 

                spectacle is hypermetrope (3.1), 

                astigmatic is no (6.9), 

                astigmatic is yes (-7.4), 

                tear-rate is reduced (-7.9), 

           tear-rate is normal (6.2) 

        then lenses-class is soft-lenses 

NR4 

(-2.2) if age is young (-2.6), 

              age is pre-presbyopic (-2.5), 

              age is presbyopic (5.0), 

              spectacle is myope (1.0), 

              spectacle is hypermetrope (-2.5), 

              astigmatic is no (5.1), 

              astigmatic is yes (-6.2), 

              tear-rate is reduced (8.1), 

              tear-rate is normal (-9.5) 

           then lenses-class is no-lenses 
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6 Efficient Updating of a Neurule Base Produced from 
Empirical Data 

In certain domains, training examples become available over time. Therefore, an 
aspect of interest involves the efficient updates of a NRB to reflect availability of 
new empirical source knowledge. In (Prentzas and Hatzilygeroudis 2007b) we 
present an efficient mechanism for performing such updates. The mechanism is 
based on splitting trees containing information regarding the splitting process for 
each training set of each initial neurule, in a similar way to that in Section 4. The 
root of each tree corresponds to the initial training set. Descendant nodes corre-
spond to the subsequent subsets into which the initial training set was split. Each 
leaf denotes subsets that was successfully trained and produced a neurule. The 
members of the LCP that guided each split are attached to the corresponding 
branches of the tree. 

The splitting tree is useful to perform updates in case more than one sibling 
neurules have been produced. The availability of a new training example means 
insertion of a new success example into a specific initial training set and insertion 
of a new failure example into all other initial training sets. Splitting trees enable to 
perform such updates efficiently.  

To insert a new success example not satisfied by the existing neurules produced 
from the initial training set, the corresponding splitting tree is traversed to starting 
from the root and ending at a leaf or an intermediate node. Traversing is based on 
the closeness between the new success example and the LCPs attached to the 
edges of the splitting tree. Retraining of the corresponding subset is performed 
updating the NRB and the splitting tree. 

The insertion of a failure example not satisfied by the existing neurules into an 
initial training set requires training of the subsets corresponding to leaves of the 
splitting tree whose corresponding neurules misclassify the new failure example. 
The corresponding existing neurules are removed from the NRB, whereas the 
newly created ones are inserted.  

7 Neurule-based Inference Engine 

The neurule-based inference engine implements the way neurules co-operate to 
reach a conclusion. The choice of the next rule to be considered is based on a neu-
rocomputing measure, but the rest is symbolic (Hatzilygeroudis and Prentzas 
2010). 

Generally, the output of a neurule is computed according to Eq. (1) (Section 
2.1). However, it is possible to deduce the output of a neurule without knowing 
the values of all of its conditions. To achieve this, we define for each neurule the 
known sum (kn-sum) and the remaining sum (rem-sum). More specifically, 
‘known-sum’ is the weighted sum of the values of the already known (i.e. evalu-
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ated) conditions (inputs) of the corresponding neurule. ‘Remaining sum’ is the 
sum of absolute values of significance factors corresponding to all unevaluated 
conditions of the neurule. Therefore, ‘remaining sum’ represents the largest possi-
ble weighted sum of the remaining (i.e. unevaluated) conditions of the neurule. 

If |kn-sum| > rem-sum for a certain neurule, then evaluation of its conditions 
can stop, because its output can be deduced regardless of the values of the un-
evaluated conditions. In this case, its output is guaranteed to be ‘1’ if kn-sum > 0 
whereas it is ‘-1’, if kn-sum < 0. In the first case, we say that the neurule is fired, 
whereas in the second that it is blocked. 

A condition evaluates to ‘true’, if it matches a fact in the working memory that 
is, there is a fact with the same variable, predicate and value. A condition evalu-
ates to ‘unknown’, if there is a fact with the same variable, predicate and ‘un-
known’ as its value. A condition cannot be evaluated if there is no fact in the 
working memory with the same variable. In this case, either a question is made to 
the user to provide data for the variable, in case of an input variable, or an inter-
mediate neurule with a conclusion containing the variable is examined, in case of 
an intermediate variable. A condition with an input variable evaluates to ‘false’, if 
there is a fact in the working memory with the same variable, predicate and differ-
ent value. A condition with an intermediate variable evaluates to ‘false’ if addi-
tionally to the latter there is no unevaluated intermediate neurule that has a con-
clusion with the same variable. Inference stops either when one or more output 
neurules are fired (success) or there is no further action (failure). To facilitate in-
ference, conditions of neurules are organized according to the descending order of 
their significance factors. 

In (Hatzilygeroudis and Prentzas 2001a) we present initial work for the provi-
sion of explanations concerning neurule-based inference. Explanations involve 
‘how’ type rules justifying how conclusions were reached. 

Neurule-based inference has certain advantages. When a neurule base is pro-
duced from a symbolic rule base, experimental results have shown that neurule-
based inference is more efficient than the corresponding symbolic rule-based in-
ference (Hatzilygeroudis and Prentzas 2000b). Another advantage of neurule-
based reasoning compared to symbolic rule-based reasoning is the ability to reach 
conclusions from neurules even if some of the conditions are unknown. This is not 
possible in symbolic rule-based reasoning. A symbolic rule needs all its conditions 
to be known in order to produce a conclusion.  

Most neuro-symbolic approaches, except connectionist expert systems, do not 
support functionalities like interactive inference and provision of natural explana-
tions. Neurule-based inference is more efficient than the inference mechanism 
used in connectionist expert systems (Hatzilygeroudis and Prentzas 2010). 
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8 Combining Neurule-Based and Case-Based Reasoning 

Case-based reasoning is an approach that exploits knowledge encompassed in 
stored past cases to handle similar new cases (Aamodt and Plaza 1994). It is useful 
in several domains where an abundant number of past cases are available. A case-
based system stores useful experience obtained when handling new cases and is 
continuously enhanced during operation. Case-based representations offer several 
advantages such as easy knowledge acquisition, naturalness, modularity, ability to 
express specialized knowledge, self-updatability. There are also issues of CBR 
that may give rise to problems such as adaptation, inference efficiency regarding 
case retrieval, provision of explanations, difficulties in knowledge acquisition in 
certain domains (Prentzas and Hatzilygeroudis 2007a, 2009). 

Combinations of case-based reasoning with other intelligent methods have been 
pursued in several domains resulting into more effective representation schemes. 
One of the most effective types of combinations involves combination of case-
based reasoning with rule-based reasoning (Prentzas and Hatzilygeroudis 2007a). 
Such combinations offer benefits since the advantages of rule-based reasoning and 
case-based reasoning are complementary to a large degree. An overall advantage 
of such combined approaches involves naturalness and modularity of the represen-
tation scheme. Neurules are a type of integrated rules offering advantages com-
pared to symbolic rules. In (Prentzas and Hatzilygeroudis 2002, Hatzilygeroudis 
and Prentzas 2004c) we explored the combination of neurule-based with case-
based reasoning. A main benefit, among others, deriving from this combination 
concerns accuracy improvement as cases may fill in gaps of neurules in domain 
knowledge representation. Furthermore, characteristics of the formalism involve 
naturalness, modularity, ability to exploit multiple types of knowledge sources and 
self-updatability. Few approaches combine case-based reasoning with multiple 
other intelligent methods with the other methods being outside the case-based rea-
soning cycle. 

In the representation scheme combining neurules with case-based reasoning, 
neurules index cases representing their exceptions. The indexing construction 
module implements the process of acquiring an indexing scheme. The specific 
process may take as input alternative types of available knowledge: (a) available 
neurules and cases or (b) available symbolic rules and exception cases.  

Let us consider that the indexing process takes as input available neurules and 
cases. To acquire an indexing scheme, neurule-based reasoning is performed for 
the neurules based on the attribute values of each case. A case is indexed as a neu-
rule’s exception, whenever the neurule fires and the value of the conclusion vari-
able do not match the corresponding attribute value of the case. 

The alternative type of knowledge concerns an available formalism of symbolic 
rules and indexed exception cases as the one presented in (Golding and Rosen-
bloom 1996). The indexing scheme is acquired by first converting symbolic rules 
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to neurules and then associating the produced neurules with the exception cases of 
the symbolic rules belonging to their merger sets. 

The hybrid inference process combining neurule-based with case-based reason-
ing focuses on neurules (i.e. neurule-based reasoning). If an adequate number of 
the conditions of a neurule are fulfilled so that it can fire, firing of the neurule is 
suspended and CBR is performed for its indexed exception cases. CBR results are 
evaluated as in (Golding and Rosenbloom 1996) to assess whether the neurule will 
fire or whether the conclusion proposed by the exception case will be considered 
valid. 

9 Conclusions 

In this paper, we present an overview of our main research work involving neu-
rules, a type of hybrid neuro-symbolic rules. An attractive feature of neurules is 
that compared to other connectionist approaches they retain the modularity and to 
some degree the naturalness of symbolic rules. In contrast to most neuro-symbolic 
approaches, a neurule-based system also provides an interactive inference mecha-
nism and explanation facilities. We outlined aspects regarding construction of 
neurules from symbolic rule bases or empirical data, efficient updating of a neu-
rule base constructed from symbolic rule bases or empirical data, neurule-based 
inference and combination of neurules with case-based reasoning. 

Neurules have been used in developing an Intelligent Tutoring System (Prent-
zas, Hatzilygeroudis and Garofalakis 2002, Hatzilygeroudis and Prentzas 2004b). 
Intelligent Tutoring Systems (ITSs) require discrete knowledge bases to perform 
tasks of their different units (i.e. user modeling unit, pedagogical unit). Neurules 
facilitated the development and performance of the ITS since they satisfy most of 
the representation requirements concerning ITSs (Hatzilygeroudis and Prentzas 
2004d, 2006). More specifically, neurule bases can be constructed from alternative 
knowledge sources producing a natural and modular representation scheme. In-
cremental development of neurule bases is also supported to accommodate source 
knowledge changes. Furthermore, neurule-based inference is natural, robust and 
time-efficient. 

Our future work is directed to a number of aspects. Such aspects involve find-
ing ways to (a) improve the neurule-based inference efficiency, (b) provide natural 
explanations, (c) incorporate fuzziness into neurules and (d) improve the mecha-
nisms constructing neurules. Another future direction will involve use of neurules 
in different applications. 
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