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Abstract—Neurules are a kind of integrated rules integratim
neurocomputing and production rules. Neurules can & produced
from existing empirical data, through the neurulesproduction
algorithm (NPA). In this paper, we present (a) an xtension to
NPA regarding presentation of neurules, so that the are more
natural and more informative, and (b) an experimenal
comparison of various alternative strategies we caose at some
points of NPA targeting at producing as less neureks as possible.
Results of (b) show no clear winner for all cases iterms of the
gain in number of neurules compared to the computabnal cost.

Keywords: neuro-symbolic approaches, integrated rules, hybrid
knowledge representation

l. INTRODUCTION

A popular research trend in Atrtificial Intelligenagvolves
the combination or integration of (two or more) feliént
problem solving or knowledge representation methdde
ensuing approaches have given fruitful results imanyn
application areas. The main objective is to creaimbined

formalisms or systems that benefit from each ofirthe

components. It is generally believed that complesblgems can
be easier solved with such combinations [17], [[&1], [19].

Neuro-symbolic approaches combine symbolic
connectionist methods and constitute a popular tgbe
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Neurules can be produced either from symbolic r{dd$
or from empirical data [13], [20]. In this paperewoncentrate
on the latter. We present an extension to the kagirithm,
presented in [13, 15], concerning presentationeofules and a
number of new experiments concerning use of altea
strategies in producing neurules.

This paper is structured as follows. Section lIsprés the
neurule-based knowledge representation schemeaditios I,
naturalness and informativeness of rules are digclsin
Section 1V, production of neurules from empiricahtal is
presented. Section V presents various alternatiategies to
be used in producing neurules, whereas in Sectidn V
experimental results are presented. Finally, Sectidl
concludes.

1. NEURULES

Neurules are a kind of integrated rules. The forinao
neurule is depicted in Fig.1a. Each conditignisCassigned a
number sf called its significance factor. Moreover, eaclteru
itself is assigned a numbeg,stalled its bias factor. Internally,
each neurule is considered as an adaline unitlthig.The
inputs G (i=1,...,n) of the unit are the conditions of thde.

andrhe weights of the unit are the significance fastof the

neurule and its bias is the bias factor of the meuEach input

combinations. Advanced neuro-symbolic formalismsd an t@kes a value from the following set of discretduga: [1

systems have been developed [1], [6], [7], [10K][417].
Different types of neuro-symbolic approaches hawenb
presented. Neuro-symbolic approaches have beererpees
that combine neural networks with first-order lo{#¢, multi-
valued logic or with other types of logic such esporal logic
[3]. However, combinations of connectionism withndyolic
rules (of propositional type) ([5], [8], [24], [Z]R2]) seem to be
the most popular trend in neuro-symbolic approachibss is
mainly due to complementary advantages and diséayes of
the combined formalisms [14].

Neurules are a type of integrated rules combinymlmlic
rules (of propositional type) and neurocomputing][113],
[22]. In contrast to other approaches, neurulese gove-
eminence to the symbolic part of the integratioherEfore,
they retain the naturalness and modularity of syliolvales in
a large degree. Also a neurule-based system pessess
interactive  inference  mechanism [15]
explanations for drawn conclusions [23].

* The names of the authors appear in alphabetier
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and provides
<

(true), -1 (false), 0 (unknown)]. The output D, alhirepresents
the conclusion (decision) of the rule, is calculatda the
standard formulas:

n

D= f(a),a=sfy+» sfC,
i=1
1 if a>0

f(a):{—l if a<0

where a is the activation valueand f(x) the activation
function which is a threshold function. Hence, the outgan
take one of two values (-1’, ‘1) representing lfme and
success of the rule respectively. The significafaztor of a
condition represents the significance (weight)re tondition
in drawing the conclusion.

(1)

2

The general syntax of a neurule (in a BNF notatwinere
>’ denotes non-terminal symbols) is:
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<rule>::= <conditions> then
<conclusion>
<conditions>::= <condition> | <condition>,<condit&>
<condition>::=  <variable> <l-predicate> <value>
(<significance-factor>)

<conclusion>::= <variable> <r-predicate> <value> .

(<bias-factor>) if

where <variable> denotes w®ariable that is a symbol
representing a concept in the domain, e.g. ‘s@din’ etc in a
medical domain, and <lI-predicate> denotes a symbmiia
numeric predicate. The symbolic predicates are ifapt},

whereas the numeric predicates are {<, >, =}. «darate> can
only be a symbolic predicate. <value> denotes aeyat can
be a symbol (e.g. “male”, “night-pain”) or a numigerg “5").

<bias-factor> and <significance-factor> are (reaiinbers.

(sfy if Cy (sf),
CZ (SfZ)v
Cn (sh)

then D

(b)

Figure 1. (a) Form of a neurule (b) a neurule as an adaliie u

@)

For the sake of simplicity, in the following, we r=ider
“is” as the only <l-predicate> and <r-predicate3thaut loss
of generality, since the others can be somehowesspd via it.

IIl.  NATURALNESS AND INFORMATIVENESS IN RULES

As it is known, variables and values represent eptcin
the problem domain. Specification of variables atheir
corresponding values is an important task in maodela
problem. Alongside variables, we should also speitié sets
of the (discrete) values they can take. Specificatif which
concepts should be considered as variables andhakigalues
is not uniqgue. A concept that is a value
specification/representation may be a variablentlzer one.

For example, in a medical domain, we could have th

following rules that refer to the same knowledge:

R1 R2

if fever is high if symptom is high-fever

and pain is local and symptom is local-pain
then disease is inflammation  then disease is inflammation

R3

if high-fever is true

and local-pain is true
then inflammation is true

In R1 and R2, variables with discrete values (pobpanore
than two) are used, whereas in R3, boolean vaggéh as
only values ‘true’ and ‘false’) are used. The value R2 are
used as variables in R3. R2 is probably more infdive than
R1. Finally, R2 and R1 are probably more naturantiR3.
Sometimes, we may have dependency
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empirical data in a form that leads to R3-like sileut we want
to have them in a R2-like form, to be more inforiveatand
more natural. So, we need to be able to rewritedysred
neurules.

IV. PRODUCING ANEURULE BASE

Production of a neurule base is achieved by applyie
neurule production algorithr{NPA) to a dataset (see [15]).
NPA tries to produce one neurule for each interatedor
output variable-value pair (having that pair in é@nclusion).
However, due to possible non-linearity, this is nmually
feasible. So, more than one neurule having the samausion
are produced.

First, we extend here the main algorithm, preseimtgdi5],
to include control of naturalness and informatismnef the
neurules by adding a fourth step. The algorithasi$ollows:

NPA Algorithm

Input:
(a) A setV of domain variables
(b) Dependency informatiorfy,
(c) Presentation informationfp,
(d) A set S of empirical data

Output: A set of neurules

Body:

1. Construct initial neurules, based on dependency
information.

2. Extract an initial training set for each initial neule
from S.

3. Train each initial neurule individually and produce
corresponding neurule(s).

4. Rewrite neurules based on presentation information.

Let us consider a finite set dbmainvariablesV = {V},
1<i <m, which represent the concepts of the problem domai
involved in making inferences. Each varialean take values
from a set of discrete valueg, S${v;}, 1<j < k. We distinguish

various types of domain variables as follows. Fiiaput

in onevariablesare those whose values are given by the usempas in

to the system. The set of input variables is dehdte Vine.
Second,intermediate variablegepresent concepts related to
fhtermediate conclusions that are conclusions iefevia some
rules, so their values depend on the values oft inaiables or
other intermediate variables. The set of interntediariables
is denoted by Y. Furthermoregoal (or outpu) variablesare
related to final conclusions, so their values depen the
values of input or intermediate variables and dtrist the
output of the system.

Dependency information is related to how concepts (
corresponding domain variables) depend on eachr dthe
making decisions.

Definition 1. Thedependency information fyY related to
the set of domain variables V is a relatiq}f. VXV > {T, F}

represented as a set of ordered peﬁg"ﬁ ={(Vi, V): Vi, VjeV,
i #j}. Each (V, Vj) is interpreted as “Vdepends on;V

information and
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Apart from domain variables we also specify a skt o

presentation variables = {I;}, 1<i < p. Presentation variables
are used only for rule presentation reasons, teease their
informativeness and naturalness. They are usedwdte the
conditions of rules that include Boolean variablEs.this end,
alongside presentation variables, we specify cpoeding
presentation informatian

Definition 2. Thepresentation information f,;/| related to
the set of domain variables V is a relatidé(, :Vx = {T, F}

represented as a set of ordered pa'l’r,¥| = {(l;, V): liel,
VieV}. Each (], V) is interpreted as “Vis presented vig”l

The set S oémpirical datain general consists of a number
of patterns(or examplest;: S = {t, 1<i < n}. Each pattern;tis
an mituple: t = < Viy, Vig, ..., Vin> Wherem = |V| and each
vijes,j, VieV. Eachy, denotes that the fact (conditior,is
vy" is true. A subset Sof S is usually used for training a
neurule. In such a set, the last value of a pattewrresponds
to a goal variable, thus called theal valueof the pattern and

denoted byvi: . So, we callsuccess patternsepresented by

succ(S) those having ‘1’ andailure patterns represented by
fail(S), those having ‘-1’ as a goal value.

V.  CONTROLLING NEURULE PRODUCTION
A. Splitting Strategies

In step 3 of the above algorithm, in case of a limogar
training set, we split it into two “suitable” sulbseéhoping that
they will be linear. If not, we further split th@m-linear one(s)
to other two subsets and so on. To do splitting,cae use a
number of strategies. Those strategies should peréplitting
in a way that satisfies the following three requoients:

e Each training subset contains all the failure eXasp
of the initial training set to protect corresporglin
neurule from misactivations.

Let B = {p1, P ..., p}; each p= (4, t) is called deast
closeness paifLCP).

In this section, we present three alternativesttsyi
strategies. A splitting strategy regards implemtonaof step
3.3 of NPA (presented below).

According to closeness-based strate¢¢ZLOSE-SPLIY,
splitting a training set is based on a LCP, whilsélected in
some way (see further on), called #itting LCP (SLCP).
That is, each subset comprises one of the memlhe3& ©P,
called itspivot, the success patterns closer to it and all the
failure patterns of the initial training set. Thikems from the
intuition that existence of quite different pattercauses non-
separability (i. e. non-linearity).

More formally, step 3.3 of NPA is defined as follaw
3.3.1 Produce Rbased on Definition 4).
3.3.2 Select pe P, where R= (t, tw), as SLCP.

3.3.3 SplitsucgS,) into sucdS)' and suc¢S,)? such that
taesucdS)!, teesucdS)? and VtesucdS)h,
VesucdSy’, d(t, te) < d(t, ta) andd(, te) < d(t,
tia)-

3.3.4S « sucdS) Ufail(S), S« sucdS) fail(Sy).

While CLOSE-SPLIT strategy is solely based on ahess
(or distance) between success pattestiong pattern-based
strategy(STRONG-PAT-SPLIT), as well as next one (WEAK-
PAT-SPLIT), partially focuses on closeness andigfrton
the misclassified patterns. More specifically, STNR®BPAT-
SPLIT and WEAK-PAT-SPLIT use CLOSE-SPLIT only in
cases that any of the requirements (set at thenbiegi of this
section) would be violated if based on misclasdifpatterns.
We give a formal description of these two alten@&tplitting
strategies initially introduced in [20].

The STRONG-PAT-SPLIT strategy is as follows, whieye
misclas$S,) andcorclasgS,) we denote the sets of the patterns

e Each training subset contains at least one succe§d the training set Swhich are misclassified and correctly

example to guarantee the activation of

corresponding neurule.

e The two subsets created by splitting a (sub)setato

have common success examples to avoid having

theClassified respectively by the calculated weights:

3.3.1IfsuccS,) < misclas$S,), use CLOSE-SPLIT

3.3.21If misclas$S,) N fail(S) # @ and misclas$S) N
sucdS,) =, use CLOSE-SPLIT

different neurules activated by the same success

example(s).

We also introduce the following definitions:

Definition 3. Thedistance between two success patterns t

and {, denoted by d(tt), is a number representing how “far”
the two patterns are between each other in the rfsppee
(specific metrics are discussed later on in thidisa).

Definition 4. The set of least closeness pairs P, of the
training set § of a neurule Ris a set containing the pairs of
success patterns of; $hat have the maximum distance®
{(tiz, to): 14#is, ty, thesucc(R) A VK, W, kA, ty, tesucc(Q =
d(t, t)=d(t, t)}-
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3.3.3If misclas$S,) N sucgS,) # & and misclas§S,) M
fail(S) = @, Sk « corclasgS) fail(S) and S? «
misclas$S,)Ufail(S,)

3.3.4 If misclas$S) N succS,) #  and misclas§S,) N

fail(S) # @, S, « corclas§S) fail(S) andSf «
misclas$S,)Ufail(S,).

The weak pattern-based stratedWWEAK-PAT-SPLIY is

the same as the STRONG-PAT-SPLIT strategy, exégtin

step 3.3.4 above CLOSE-SPLIT is used too. So,dtdar that
WEAK-PAT-SPLIT lies between CLOSE-SPLIT and
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STRONG-PAT-SPLIT, with regards to how much it isséd
on closeness/distance.

B. Distance Metrics

In the above, something that is left undetermirseoloiw we
measure the distance between two success exampks®. are
various ways to do that. We have experimented sdthe such
metrics. First, we used the well-knowkuclidean and

where is the cardinality ofSde , N(\/I =V, |v§) is the

number of patterns with desired output vaijieand having as
value v; for variableV, , NV, =v; ) is the number of all

patterns having as valug for variableV, , N(\/I =V |v'§)

is the number of patterns with desired output va)ﬁeand

Manhattandistancemetrics. An important notice here is that having as valuev; for variableV, and N(V| —Vn) is the

variables in our examples are categorical andiinal; so, we
used the above distance metrics only on sets witinal
variables, after having made a mapping of theiueslto
suitable ranking. Apart from those, we used metngEnly
suitable for categorical variables, such as dimple distance
(SD) metric[13], [20] and, a more complicated one, Waue

Difference Metric(VDM) [18]. More specifically, the metrics,

which we experimented with, are:

e Simple distance (SD)

m-1

dft ;)= > Dlv vy )

1=1

O,V” :V“
Dl v )= {lv-u £V,
[ j

e Euclidean distance

dit t;)= Lz_ll( = Hﬂ

e Manhattan distance

m-1

dt. )= v

=1

¢ Value Difference Metric (VDM)

m-1

afi )= ol vy

1=1

| (\/I =V, |vd) N(V| =Vj |V5)|

P
NV, = v ) NV =v; ) |

s,

D(vy,vy)=

&
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number of all patterns having as valg for variableV, .

C. Selecting SLCP

A final point of interest, is how to select SLCR step 3.3.2
of the CLOSE-SPLIT strategy. Not all SLCPs resultthe
same number of final neurules. So, we are lookimgh SLCP
that finally produces the minimum number of siblimgurules,
because it affects the efficiency of inferences|.[A¥e have
experimented with three heuristic strategies [2@ndom
choice(RC),best distribution(BD) andmean distancéviD).

e RC chooses randomly one of the LCPs. This is the
simplest and least computationally expensive ofttitee
methods.

e BD suggests choosing the LCP that assures distibof
the two elements of all the other (or most of thieeg
LCPs in different sets. So, patterns with the @g®at
distance will be included in different sets, whiatay
reduce non-linearity. More formally, the correspioigd

algorithm is:

1. pepr

2. ProducePP* « {p_, M # K ty, toesucgSy)" or iy,
troeSUCES)?}

3. Foreach pe P (i >1) do
3.1 ProducePkpi < {Pm M#i: ty, troesucdS)® or ty,

troesucdS)?%}
32if [PY | <|PX], ;< p
Notice that subsesucdS,)* andsucS,)?do not need to be
produced. Merely, the distances between the supedtesns of
LCPs p and p and the success patterns of each other LCP are
calculated respectively.

MD suggests choosing the LCP that creates the tysess
with the least mean distance. Initially computes tinean
distance of each of the two subsets to be createglaich LCP.
The mean distance of a subset is the mean distahdes
patterns. Then, it calculates the mean distanceach LCP,
which is the mean distance of the two subsetschndses the

LCP with the least mean distance. More formallyeévda (S)
denotes the mean distance of set S):

1. Setp=p
2. ProducesucgS)' and sucdS)® (see step 3.3.3 of
CLOSE-SPLIT)
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3. Computedg=d (sucdS, J;, ), de=d (sucdS, )2 ) and
= (i + d2)/2

4. Foreach pe B (i >1) do
4.1 Produce suc€S, ); and sucdSy); (see step

3.3.3 of CLOSE-SPLIT)
4.2 Computed,;=d (sucdS)"), d,=d (suc¢S)? and
di = (chiy +di)/2
4.3 if d<d,setp=p
where the mean distance of a subset (in steps 3a&)dis
calculated by the formulas:

Zd(ti )

b eSi#] _ nl
(8- N N2y

ol

n=|Sd

TABLE II. NEURULESPRODUCEDFROM FOUR-STEPNPA

R1 (-0.4)

if Symptom is SwollenFeet (3.6),
Symptom is HairLoss (3.6),
Symptom is RedEars (-0.8)

then Disease is Supercilliosis

R2 (1.4)

if Symptom is Dizziness (4.6),
Symptom is SensitiveAretha (1.8),
Symptom is HairLoss (1.8)

then Disease is Namastosis

VI. EXPERIMENTAL RESULTS

We made a number of experiments to compare the SLCP
selection and splitting strategies as well as tk&dce metrics
previously specified. To this end, we used datafets the
UCI Machine Learning Repository [4]. The comparisisn
based on the number of produced neurules. In [28] w
presented experimental results regarding use of NRC,and
BD in conjunction with the three splitting strategiand SD as
distance metric, which are not repeated here.

Tables Ill-V present the number of neurules producem

It is obvious that, computationally, MD is the mosteach of the datasets for each of the three SLGRt&®ei and

expensive method.

D. Neurule Presentation

Steps 1-3 of the NPA algorithm are analyzed in.[Hsgre
we analyze step 4, which is the new step introdbeed:

4. For each Ry do
4.1For each conditiog of R, do

4.1.1  Ifthe variable/™ of C« is member of an

element of fy, , replaceCRe with " I; is V;Rc "
4.2 For the conclusio®* of R, do

4.2.1  Ifthe variable/J of D/ is member of an

element offF\,/I , replaceD ¥ with " 1; is V% "

To illustrate application of step 4, we give anrapée. In
[15] the theoretical diseases of the sarcophagtasela[5] is
used to illustrate neurule production based onfittsé three
steps of NPA. Two of the produced neurules areepitesl in
Table I.

TABLE I. NEURULESPRODUCEDFROM THREE-STEPNPA

Ry (-0.4)

if SwollenFeet is true (3.6),
HairLoss is true (3.6),
RedEars is true (-0.8)

then Supercilliosis is true

R2 (1.4)

if Dizziness is true (4.6),
SensitiveAretha is true (1.8),
HairLoss is true (1.8)

then Namastosis is true

The (partial) presentation information given is:

f,;/l ={(Symptom, SwollenFeet), (Symptom, RedEars), (Symp

HairLoss), (Symptom, Dizziness), (Symptom, Sens#retha),
(Disease, Supercilliosis), (Disease, Namastosis), .

After execution of the fourth step the rules argvritten as
displayed in Table II.
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splitting strategies when the VDM, Euclidean andnkitan
metrics are used. Notice that the Euclidean and Hslian
metrics cannot be used in the first four datassts;e they
contain only categorical variables whose valuesnctrbe
mapped to a ranking.

From the above results and the ones presentedjng? to
the distance metrics, it is clear that for the teagest sets, i.e.
the ‘car’ and ‘nursery’ sets, VDM gives significhntoetter
results than Euclidean, Manhattan and SD metridl) the
Euclidean and Manhattan being in the second place.the
first two sets, however, SD seems to do better Wfidkl. As to
the SLCP selection strategies, in the two largetst, 8D and
MC do better than RC.

Table VI presents summary results comparing alkkehr
splitting strategies, CLOSE-SPLIT, STRONG-PAT-SPIad
WEAK-PAT-SPLIT in terms of distance metrics and $1.C
selection strategies. Comparison is based on themum
number of neurules produced by each method. Impiaeses,
the name of the corresponding SLCP selection pdliey one
of RC, BD, MC) and the metric (i.e., SD, Euclidektanhattan
and VDM) that produce the minimum number of newgdee
shown. CLOSE-SPLIT is generally better than theeotiwo
methods, WEAK-PAT-SPLIT being in the second pladeis
demonstrates the effectiveness of the notion ads&hess’.
This last conclusion is also supported by the flaat WEAK-
PAT-SPLIT, which lies between STRONG-PAT-SPLIT and
CLOSE-SPLIT, generally performs better than STRONG-
PAT-SPLIT. The results also show that it may be tivdo
employ STRONG-PAT-SPLIT and WEAK-PAT-SPLIT. A
further result is that BD generally performs betteen RC and
MC whereas MC generally performs better than RC.

TABLE Il COMPARING RC,MC, BD STRATEGIES(CLOSE-SPLIT)
Dataset VDM Euclidean/Manhattan
RC | MC BD RC MC BD
Monks1_train 16 16 16
Monks2_train 46 52 52
Monks3_train 9 9 9
Tic-Tac-Toe 23 32 32
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Car 55 54 54 [ 112/109 100/213  99/143
Nursery 143 127] 127 635/577  642/565
TABLEIV.  COMPARING RC,MC AND BD (STRONG-PAT-SPLIT)
Dataset VDM Euclidean/Manhattan [1]
RC | MC | BD RC MC | BD
Monks1_train 24 24 24
Monks2_train 31 31 31
Monks3_train 15 15 15 2]
Tic-Tac-Toe 51 50 50
Car 143 | 110| 110 138/ | 139/ | 139/
155 158 | 158 [3]
Nursery 869 | 826| 826 1266/ 1061/ 1169/
1230 | 1221 | 1247
TABLE V. COMPARING RC,MC AND BD (WEAK-PAT -SPLIT) )
Dataset VDM Euclidean/Manhattan
RC [ MC | BD | RC MC BD [5]
Monks1_train 17 17 17
Monks2_train| 47 52 52 (6]
Monks3_train 8 10 10
Tic-Tac-Toe 51 49 49
Car 58 55 55 | 103/102  98/11f 97/104  [7]
Nursery 153 | 126] 126] 597/573 646/568  651/569
[8l
TABLE V1. COMPARING SPLITTING STRATEGIES(CLOSE-SPLIT,
STRONG/WEAK-PAT-SPLIT) [9]
Dataset CLOSE-SPLIT STRONG- WEAK-PAT-
PAT-SPLIT SPLIT [10]
Monks1_train 13 (BD-SD) 22 (RC-SD) 13 (BD-SD)
Monks2_train 38 (BD-SD) 31 (I?/CD,:\\A/I)C,BD- 39 (BD-SD)
Monks3_train 9 (RC,MC,BD- | 15 (RC, MC, 10 (MC,BD- [11]
VDM) BD-SD/VDM) VDM)
Tic-Tac-Toe 23 (RC-VDM) 40 (BD-SD) 38 (BD-SD)
Car 54 (MC,BD- 110 (MC,BD- | 55 (MC,BD- (12]
VDM) VDM) VDM)
Nursery 127 (MC,BD- 826 (MC,BD- 126 (MC,BD-
VDM) VDM) VDM) [13]
VIl. CONCLUSION »
In this paper, we analyze certain aspects regarthieg 4l
construction of neurules, a type of integratedsule
The analysis concerns the construction proceswfufes [15]
from empirical data. A difficulty that arises inetmeurule-
based representation scheme involves the inabdftythe 1]
adaline unit to classify non-separable training neples. In
such situations, the training set should be split isubsets
according to a splitting policy. We presented défé splitting  [17]
policies for splitting training sets that involvemseparable
training examples. We also experimented with differ [18]
distance metrics used to measure the distance atrangg
patterns. Experiments were performed using pubbelgilable [19]
datasets. One of the findings is that VDM, the cotagionally
most expensive metric, although does quite bettan tthe
other metrics in large datasets, it doesn't in kdahsets.
[20]

Another concern is the presentation form of newstulhe
new construction algorithm allows for neurule reting to
increase their naturalness and informativeness dbase
presentation information provided by the user.

© IEEE Computer Society

So, a potential tool for constructing neurulesglikg. [12])
647/366 should incorporate all alternative policies andrnust
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