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Integrated Rule Based Learning and 
Inference 

Ioannis Hatzilygeroudis, Member, IEEE, and Jim Prentzas  

Abstract— Neurules are a kind of integrated rules integrating neurocomputing and production rules. Each neurule is 

represented as an adaline unit. Thus, the corresponding neurule base consists of a number of autonomous adaline units 

(neurules). In this paper, we present the contstruction process and the inference mechanism of neurules and explore their 

generalization capabilities. The construction process, which also implements corresponding learning algorithm, creates neurules 

from a given empirical dataset. The inference mechanism of neurules is integrated in its nature; it combines neurocomputing 

with symbolic processes. It is also, interactive, i.e. it interacts with the user asking him/her to provide values for some variables 

necessary to carry on inference. As shown via experiments, the neurules integrated inference mechanism is more efficient than 

the inference mechanism used in connectionist expert systems. Furthermore, neurules generalize much better than its 

constituent neural component (adaline unit) and is comparable to the back-propagation neural net (BPNN). 

Index Terms—Neuro-symbolic integration, Integrated inference, Rule based reasoning, Neurocomputing 

——————————      —————————— 

1 INTRODUCTION

he combination of different problem solving methods 
is a very active research area in Artificial Intelligence. 
The aim is to create combined formalisms or systems 

that benefit from each of their components. It is generally 
believed that complex problems can be easier solved with 
such combinations [37].  

One of the most popular types of combination is that 
of symbolic and connectionist approaches, usually called 
the neuro-symbolic approach, which has yielded advanced 
problem solving formalisms and systems [7], [29], [36], 
[51], [10], [8], [15], [27], [2], [16], [20], [23]. Although with-
in neuro-symbolic approaches there have been advanced 
efforts at combining neural networks with first-order log-
ic [43], [22], [4] or with multi-valued logic [33] or even 
with non-classical logics [17], [18], [19], [34], those that 
combine symbolic rules (of propositional type) and neural 
networks still possess a great part [13], [50], [31], [48], 
[14], [24], [25] and seem to have given more applied re-
sults [38], [52], [53], [54].  

The success of such combinations is based on the fact 
that the two component formalisms/methods have com-
plementary advantages and disadvantages (see [27] for a 
detailed account of them). Symbolic rules offer a number 
of advantages for knowledge representation such as, na-
turalness and modularity (see e.g. [42]). Naturalness re-
fers to how easily one can interpret expressions that 
represent knowledge, whereas modularity refers to the 
fact that each rule is an autonomous unit. The latter al-
lows for incremental construction of a rule base, which is 
a quite important feature. Furthermore, rule based sys-

tems provide an interactive inference mechanism, which 
guides the user in supplying input values, and an expla-
nation mechanism, which justifies the reached conclu-
sions. However, symbolic rules have also some deficien-
cies. The most important of them is the difficulty in ac-
quiring rules from the experts, a problem known as the 
knowledge acquisition bottleneck.  

Neural networks represent a totally different approach 
to problem solving, known as connectionism (see e.g. 
[13]). The main advantages of neural networks are their 
ability to obtain their knowledge from training examples 
(thus reducing the interaction with the experts to a mini-
mum), their ability to generalize and represent complex 
and imprecise knowledge and their high level of efficien-
cy. Their main drawbacks, compared to symbolic rules, 
are the lack of naturalness and modularity and the diffi-
culty (if not inability) in providing explanations. This lat-
ter fact makes them to look like black boxes, unnatural 
and thus incomprehensible. 

The combination of symbolic rules and neural net-
works can result into various, so called, neuro-symbolic 
representations. We concentrate on combinations that 
result in a uniform, seamless combination of the two 
component approaches. This type of combinations are 
called unified, according to [29], or integrated, according 
to [2]. However, most (if not all) of existing approaches 
that integrate rules and neural networks see the integra-
tion from the point of view of connectionism, i.e. the main 
component is the connectionist one in which somehow 
symbolic processing is incorporated in or mapped to. So, 
they do not provide the functionalities of a rule-based 
system, like e.g. interactive inference.  

We have introduced neurules [24], [25], a type of sym-
bolic-neural rules combining symbolic rules (of proposi-
tional type) and neurocomputing. Their high-level charac-
teristic is that they give pre-eminence to the symbolic part 
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of the integration. As a result, they retain the naturalness 
and modularity of symbolic rules to a large degree and 
are able to possess an interactive inference mechanism. 
One way of constructing neurules is from empirical data. 
Although we presented the corresponding construction 
process [25], we haven‘t formally and completely pre-
sented the corresponding inference mechanism. 

So, the main concern of this paper is the inference me-
chanism of neurules, initial aspects of which were intro-
duced in [26]. Neurules possess an interactive, integrated 
inference mechanism, which is proved to be more effi-
cient than other actually pure connectionist mechanisms. 
For the sake of completeness, we also present the con-
struction process, in a more formal way than in [25]. Fi-
nally, we explore the generalization capabilities of neu-
rules. Neurules are proved to generalize quite well. 

The structure of the paper is as follows. Section 2 treats 
related work. Section 3 presents the neurule-based know-
ledge representation scheme. In Section 4, production of 
neurules from empirical data is presented. Section 5 deals 
with the inference mechanism. Section 6 presents experi-
mental results regarding efficiency and generalization 
capabilities of neurules. Section 7 presents use of neurules 
in an application and finally, Section 8 concludes. 

2 RELATED WORK 

A main research direction at combining rules and neural 
networks involves use of prior domain knowledge in 
neural network configuration [31, 50]. Such approaches 
are applied when both domain theory and training data 
are available and can be summarized in two steps: map 
the domain theory onto a neural network and then use 
training data to train the network. The term Knowledge-
Based Neural Networks (KBNNs) is usually used to de-
scribe such approaches. Most often prior domain theory 
involves a core of propositional rules.  

Two seminal works, in the above research direction, 
has led to two different research trends. The one trend 
stems from [31], where a connectionist network is devel-
oped that implements the meaning function of a proposi-
tional (definite) logic program. Following that line of re-
search, a number of more advanced systems have been 
proposed. Direct successors of [31] extend it to first-order 
logic programs [32], [3], [4]. A feed-forward network, 
called ‗core‘, is used to approximate the meaning function 
of a first-order logic program. Having connected the out-
put layer of the ‗core‘ network to its input layer, after a 
number of iterations, it converges to a stable state that 
corresponds to the model of the logic program [4]. Fur-
thermore, the work in [33] extends the work in [31] to 
multi-valued logic based programs. Also, extensions to 
non-classical logics have been proposed. For example, in 
[17] a language for a connectionist temporal logic of 
knowledge (CTLK) is presented alongside a translation 
algorithm that translates CTLK theories into ensembles of 
neural nets. Similarly, in [18], intuitonistic reasoning is 
achieved via ensembles of neural nets. Also, in [19] a 
modal logic is modeled via ensembles of neural nets, 
which represent different modalities.  

Approaches in the above research trend primarily fo-
cus on modeling symbolic processes in a neural way. So, 
they do not really provide an integrated inference me-
chanism and an interactive inference process. 

The other trend stems from [50], where a background 
domain theory in the form of propositional rules is used 
to construct an initial feed-forward neural network, 
which is then finally trained through a training dataset.  
This leads to more efficient training and theory refine-
ment [49], [30]. Such approaches differ among each other 
in various aspects such as the type of prior rules, weight 
semantics in the initially constructed neural network, 
learning algorithm, node characteristics and type of neur-
al network. Prior rules can be categorical as in [50], [11], 
[6], [52], certainty factor rules as in [35], [11], fuzzy rules 
or in the form of deterministic finite state automata as in 
[39]. Training in such approaches is usually based on su-
pervised learning. However, other types of learning such 
as reinforcement learning may be employed, as in [47]. 
KBNNs constructed with prior rules have been used in 
various applications such as medicine, bioinformatics, 
recognition of handwritten words [38], monitoring and 
diagnosis of manufacturing processes [53], product defi-
nition [54] and travel mode choice [52]. Approaches in the 
above research vein primarily focus on learning and not 
on reasoning or inference. The produced network can be 
used afterwards for producing outputs via neurocomput-
ing methods. So, integrated inference capabilities are 
missing from the above approaches. 

On the other hand, connectionist expert systems are 
considered as integrated systems that represent relation-
ships between concepts, associated with nodes in a neural 
network. Weights are set in a way that makes the network 
to infer correctly. MACIE [12], [13] is such a system. Two 
characteristics of MACIE are: its ability to reason from 
partial data and its ability to provide explanations in the 
form of if-then rules. Inference in MACIE is controlled by 
the ‗confidence‘ metric for each cell, which is an indica-
tion of how much close the corresponding cell is to be 
activated. The output cell with the maximum confidence 
is next considered. To improve performance of connec-
tionist expert systems, the ‗recency inference engine‘ 
(RIE) is introduced in [21]. RIE uses ‗convergent ratio‘, a 
metric similar to ‗confidence‘, for any cell in the network. 
The cell with maximum ‗convergent ratio‘ is next consi-
dered. Furthermore, Sima presented a connectionist ex-
pert system shell called EXPSYS [45]. EXPSYS is also an 
improvement of MACIE, since it provides interactive in-
ference engine and explanation mechanism for multi-
layer neural networks trained with back-propagation and 
using a differentiable activation function [44]. To handle 
partial input information, the concept of interval state is 
introduced for the network neurons and back-
propagation is generalized for neural networks with such 
neurons. The introduction of the interval states, though, 
degrades the comprehensibility of the network compared 
to Gallant‘s approach and, furthermore, makes the infe-
rence process more complicated. The inference process 
provides the user with partial conclusions and confi-
dences when some input values have been supplied. 



I. HATZILYGEROUDIS AND J. PRENTZAS:  AN INTEGRATED RULE BASED INFERENCE ENGINE 3 

 

All the above approaches have a common ground: they 
map or simulate or implement one or more symbolic 
models or processes into a neural network. In other 
words, they give pre-eminence to the connectionist com-
ponent of the integration. This creates problems regard-
ing the naturalness and modularity of their knowledge 
bases [25]. The produced representation remains unatur-
al, hence incomprehensive. Also, in most of them mod-
ularity is not an attribute. Some kind of modules are 
created in [17], [18] and [19], in the form of ensembles of 
simpler neural nets. Also, there are modules in [43], in the 
form of functional focal-clusters (FFCs), which are clus-
ters of connectionist nodes. However, all those types of 
modules are less fine grained than neurules, more com-
plicated and not totally independent. 

Also, functionalities like interactive inference and pro-
vision of explanations are not supported by the above 
approaches, except connectionist expert systems (e.g. 
MACIE, RIE). However, inference is done in an implicit 
and incomprehensive way and some of the explanation 
rules are meaningless. This is due to the fact that during 
construction they use some random cells that have no 
concepts assigned to them. The presence of those random 
cells also makes representation meaningless at those 
points. Additionally, corresponding conditions in the ex-
planation rules are meaningless. 

3 NEURULES 

3.1 Syntax and Semantics  

Neurules are a kind of integrated rules. The form of a 
neurule is depicted in Fig.1a. Each condition Ci is as-
signed a number sfi, called its significance factor. Moreover, 
each rule itself is assigned a number sf0, called its bias fac-
tor. Internally, each neurule is considered as an adaline 
unit (Fig.1b). The adaline unit uses the LMS algorithm for 
learning, which more safely converges for nonlinear train-
ing sets and generalizes better than perceptron (see e.g. 
[13]). The inputs Ci (i=1,...,n) of the unit are the conditions 
of the rule. The weights of the unit are the significance 
factors of the neurule and its bias is the bias factor of the 
neurule. Each input takes a value from the following set 
of discrete values: [1 (true), -1 (false), 0 (unknown)].  

The output D, which represents the conclusion (deci-
sion) of the rule, is calculated via the standard formulas: 
 

)(afD  , i

n

i

i
Csfsfa 




1

0   (1) 
 
 
 

     )(af     (2) 

 
 
where a is the activation value and f(x) the activation func-
tion, which is a threshold function. Hence, the output can 
take one of two values (‗-1‘, ‗1‘) representing failure and 
success of the rule respectively. The significance factor of 
a condition represents the significance (weight) of the 
condition in drawing the conclusion. 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. (a) Form of a neurule (b) a neurule as an adaline unit 

The general syntax of a neurule (in a BNF notation, 
where ‗< >‘ denotes non-terminal symbols) is: 
 
<rule>::= (<bias-factor>) if <conditions> then <conclusion> 

<conditions>::= <condition> | <condition>,<conditions> 

<condition>::= <variable> <l-predicate> <value>  

    (<significance-factor>) 

<conclusion>::= <variable> <r-predicate> <value> . 

 
where <variable> denotes a variable, that is a symbol rep-
resenting a concept in the domain, e.g. ‗sex‘, ‗pain‘ etc in a 
medical domain, and <l-predicate> denotes a symbolic or 
a numeric predicate. The symbolic predicates are {is, is-
not}, whereas the numeric predicates are {<, >, =}. <r-
predicate> can only be a symbolic predicate. <value> de-
notes a value; it can be a symbol (e.g. ―male‖, ―night-
pain‖) or a number (e.g ―5‖). <bias-factor> and <signific-
ance-factor> are (real) numbers.  

For the sake of simplicity, in the sequel, we consider 
―is‖ as the only <l-predicate> and <r-predicate>, without 
loss of generality, since the others can be somehow ex-
pressed via it. For example, the condition ―pain isnot 
low‖ can be replaced by two conditions: ―pain is me-
dium‖, ―pain is high‖, given that the set of values of 
‗pain‘ is {low, medium, high}. On the other hand, the da-
tasets used in our experiments fit better in this predicate, 
so that no modifications are required.  

Also, we use the following notation and definitions for 
a neurule Rk : 

 
kR

n : the number of conditions of Rk. 

 kR
sf

0
: the bias factor of Rk. 

 kR

i
C : the ith condition of Rk, (

kR

i
C  ≡ ― kR

i
V is kR

i
v ‖) 

 kR

i
V : the variable involved in kR

i
C  

 kR

i
v : the value involved in kR

i
C . 

 kR

i
sf : the significance factor of kR

i
C . 

 kR
D : the conclusion of Rk (

kR
D  ≡ ― kR

d
V is kR

d
v ‖) 

 kR

d
V : the variable involved in kR

D . 

 kR

d
v : the value involved in kR

D . 

 k

k

R

C
V : the variable involved in condition Ck of Rk. 

In the rest of the paper, we use the terms ‗neurule‘ and 
‗rule‘ interchangeably. Also, we use plain capital letters 

 1        if a  0 

-1       otherwise 

(sf0) if C1 (sf1), 

           C2   (sf2), 

               … 

            Cn (sfn) 

        then D 

 

 

 

C1 C2 Cn 

. . . 

(sf1) 
(sf2) 

(sfn) 

(sf0) 

D 
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with (or without) a capital letter index to represent sets or 
lists of elements (e.g. sets of variables or rules) and itali-
cized capital letters with (or without) a small letter index 
to represent individual elements (like a variable or a rule). 
Finally, a list is considered as an ordered set of elements. 

3.2 Neurule-Based System Architecture  

In Figure 2, the run-time part of a neurule-based system is 
illustrated. The run-time system consists of three mod-
ules, functionally similar to those of a conventional rule-
based system: neurule base (NRB), integrated inference en-
gine (IIE) and working memory (WM). 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The run-time architecture of a neurule-based system 

NRB contains neurules produced from empirical data in a 
way outlined in the next section. IIE is responsible for 
making inferences by taking into account the data in WM 
and the rules in NRB. WM contains fact assertions. A fact 
assertion has the following structure: 

(Fi, ass(Fi)) 

where Fi is a fact and ass(Fi) is the assertion value related 
to it, which can be one of {TRUE, FALSE, UNKNOWN}. 
A fact has the same format as a condition or a conclusion 
of a rule: 

Fi ≡ ―
iF

V is 
iF

v ‖ 

where 
iF

V  is the variable and 
iF

v  is the corresponding 
value involved in the fact.  

Fact assertions are either given by the user, as initial 
input data or during an inference course, or produced by 
the system, as intermediate or final conclusions during an 
inference course.  

4 PRODUCING A NEURULE BASE 

4.1 Required Data and definitions 

To be able to produce a neurule base, we need three types 
of data: (a) a set of domain variables, with their possible 
values, (b) dependency information and (c) a set of empir-
ical data. 

As is known, variables and values represent concepts 
in the problem domain. Specification of variables and 
their corresponding values is an important task in formu-
lating or modelling a problem. Alongside variables, we 
should also specify the sets of the (discrete) values they 
can take. Specification of which concepts should be con-
sidered as variables and which as values is not unique. A 
concept that is a value in one specification/representation 
may be a variable in another one. This is related to how 

concepts depend on each other in making decisions, i.e. 
on dependency information, and perhaps on the form of 
available empirical data.  

Let us consider a finite set of domain variables V = {Vi}, 
1≤ i ≤m, which represent the concepts of the problem do-
main involved in making inferences. Each variable Vi can 
take values from a (corresponding) set of discrete values 
SVi ={vij}, 1≤ j ≤ k.  

Dependency information is given by the expert and 
indicates how variables depend on each other. 

 
Definition 1. Dependency information 

V
DIf  related to the 

set of domain variables V is a relation: 
V
DIf : VV  {T, F} 

represented as a set of ordered pairs 
 

V
DIf = {(Vi, Vj): Vi, VjV, i ≠ j } 

 
Each (Vi, Vj) is interpreted as ―Vi depends on Vj‖. De-
pendency information can be illustrated by means of a 
matrix (see Table 1 in Section 4.2). 

We define various types of variables as follows. Input 
variables are those whose values are given by the user as 
input to the system. The set of input variables is denoted 
by VINP. Intermediate variables represent concepts related to 
intermediate conclusions that are conclusions inferred via 
some rules, so their values depend on the values of input 
variables or other intermediate variables. The set of in-
termediate variables is denoted by VINT. Goal (or output) 
variables are related to final conclusions, so their values 
depend on the values of input or intermediate variables 
and constitute the output of the system. The set of goal 
variables is denoted by VG. Intermediate and goal vari-
ables are called inferable variables. The set of inferable vari-
ables VINF is defined as: VINF = VINT  VG. Of course: VINP, 
VINT, VG and VINF  V. 

The set S of empirical data in general consists of a num-
ber of patterns (or examples) ti: 

S = {ti, 1 i  n}. 
Each pattern ti is an m-tuple of values: 

ti = < vi1, vi2, …, vim> 
where m = |V| and each vijSVj

, VjV. Each vik denotes 
that the fact (condition) ―Vk is vik‖ is true. 

A subset Sk of S is usually used for training a neurule. 
In such as set, the last value of a pattern ti corresponds to 
a goal variable, thus called the goal value of the pattern 
and denoted by vid. Also, we call ‗negative‘ examples 
those having ‗-1‘ and ‗positive‘ those having ‗1‘ as a goal 
value. 

4.2 Neurules Production Algorithm 

Production of a neurule base (NRB) is achieved by apply-
ing the neurule production algorithm (NPA). NPA tries to 
produce one neurule for each intermediate or output con-
clusion. However, due to possible non-linearity of the 
data, this is not usually feasible. So, more than one neu-
rule having the same conclusion may be produced for 
each intermediate or output conclusion. 
 
NPA Algorithm 

WM 

NRB 

initial 

conditions 
conclusions 

IIE 
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Input:  
(a) A set V of domain variables  
(b) Dependency information 

V
DIf  

(c) A set S of empirical data 
Output: A set of neurules (NRB) 
Body: 

1. Construct initial neurules, based on dependency in-
formation. 

2. Extract an initial training set for each initial neurule 
from S. 

3. Train each initial neurule individually and produce 
corresponding neurule(s). 

In the following, we analyse each step of the algorithm, 
introducing some definitions, where necessary. 

The initial neurules are constructed by mainly using the 
dependency information. One initial neurule is con-
structed for each value of each intermediate or output 
variable. Initial neurules represent the possible interme-
diate or final conclusions. The conditions of each initial 
neurule include the variables that contribute in drawing 
the corresponding conclusion, as specified by the depen-
dency information. In case of a boolean variable Vk, we 
consider SVk = {true} as its corresponding set of values 
(i.e. not including ‗false‘). So, step 1 of NPA can be ana-
lysed as follows: 

1. For each inferable variable Vd  
     1.1 For each possible value vd of Vd  
  1.1.1 Construct a neurule with conclusion “Vd is vd”  
 and conditions “Vi is vi (0)”, where  
 (Vd, Vi)

V
DIf and viSVi  

Let us suppose that each constructed initial rule Rk has 
nk conditions. Then, for each initial neurule its corres-
ponding initial training set is extracted from S, in step 2, 
which can be more formally defined as follows: 

2. For each initial rule Rk extract an initial training set Sk 
from S. Each pattern in Sk consists of as many values as 
the number of different variables in Rk. The last value is 
the goal value. 

After the training set for each initial neurule has been 
determined, each initial neurule is individually trained, 
via the Least Mean Square (LMS) algorithm, using its 
own training set. Training is not always successful, that is 
a set of significance and bias factors cannot always be 
found that correctly classify all of the training examples. 
This is the case when the training patterns constitute a 
non-linear set and are therefore inseparable. When the 
algorithm succeeds, that is values for the bias and signi-
ficance factors are calculated that classify all training pat-
terns, one neurule is produced. When it fails, due to inse-
parability of the training examples, a splitting process is 
followed. More specifically, the initial training set of the 
neurule is split into two subsets and two copies of the 
initial neurule are trained, each using one of the training 
subsets. If training of either neurule copy fails, its subset 
is further split into two other subsets and so on, until 
there is no failure. In this way, more than one neurule are 
produced, having the same conditions with different bias 
and significance factors and the same conclusion, called 
sibling neurules.  

So, step 3 of NPA is analysed as follows: 

3. For each Rk do 
3.1 Train Rk using the LMS algorithm with Sk as the 
  training set. 
3.2 If training is successful, produce Rk with the 
 calculated kR

isf and stop (success). 
3.3 Split Sk into two suitable subsets, 1

k
S  and 2

k
S . 

3.4 Apply steps 3.1 to 3.3 with Sk = 1

k
S  and Sk = 2

k
S   

 separately. 
In the above algorithm, a point left unspecified is how 

we split a training set into ―suitable‖ subsets. Splitting is 
based on the following requirement: the patterns in each 
of the two subsets are closer between each other than be-
tween each one of them and each one of those in the other 
subset. The ‗closeness‘ between patterns is estimated via 
their ‗distance‘, based on some distance metric, like 
Hamming, Euclidian, Manhattan or Value Difference 
Metric-VDM [40]. Experiments have shown that VDM 
metric is the best, but most computationally expensive, 
metric, although Hamming distance metric has had quite 
good results, while being much less expensive [41]. Crite-
rion for the comparison is the number of produced neu-
rules: the less neurules the better the metric. This is be-
cause less neurules lead to more efficient ineferences. 

To demonstrate NPA, we use an example problem 
from [13] and its corresponding dataset (called ACUTE). 
It is related to a medical diagnosis problem that concerns 
acute theoretical diseases of the sarcophagus. There are 
six symptoms (Swollen Feet, Red Ears, Hair Loss, Dizzi-
ness, Sensitive Aretha, Placibin Allergy), two diseases 
(Supercilliosis, Namastosis), whose diagnoses are based 
on the symptoms, and three possible treatments (Placibin, 
Biramibio, Posiboost). It‘s a small size, but adequately 
complicated problem. 

 
TABLE 1 

DEPENDENCY INFORMATION 

 sf re hl dz sa pa sc nm pl bi 

sc           

nm           

pl           

bi           

po           

 
We consider one variable for each symptom, disease 

and treatment: ‗sf‘ for ‗SwollenFeet‘, ‗re‘ for ‗RedEars‘, ‗hl‘ 
for ‗HairLoss‘, ‗dz‘ for ‗Dizziness‘, ‗sa‘ for ‗SensitiveAre-
tha‘, ‗pa‘ for ‗PlacibinAllergy‘, ‗sc‘ for ‗Supercilliosis‘, 
‗nm‘ for ‗Namastosis‘, ‗pl‘ for ‗Placibin‘, ‗bi‘ for ‗Bi-
ramibio‘, ‗po‘ for ‗Posiboost‘. All are considered Boolean, 
thus take as value ‗true‘ or ‗false‘. The dependency infor-
mation is depicted in Table 1 (where  means ‗depends 
on‘). The empirical dataset of the problem is presented in 
Table 2 (where T means ‗true‘, F means ‗false‘ and  
means ‗uknown‘). So, 

 
V = {sf, re, hl, dz, sa, pa, sc, nm, pl, bi, po}, SV

i
 ={true} 
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V

DIf ={(sc, sf), (sc, re), (sc, hl), (nm, hl), (nm, dz), (nm, sa), 
(pl, pa), (pl, sc), (pl, nm), (bi, hl), (bi, sc), (bi, nm), 
(po, pl), (po, bi)} 

 
TABLE 2 

THE ACUTE DATASET 

sf re hl dz sa pa sc nm pl bi po 

T T T F  F T F T F T 

F F F T T F F T T T F 

F F T T F T T T F F F 

T T F F T F F F F F F 

T F  T T T T T F T T 

T F F T T F T T T T F 

T T T F F T T F F F F 

F T T F T T F T F F F 

 
By applying step 1 of NPA, five initial neurules are 

produced. They are the same as the first five of those de-
picted in Table 4, but having all sfis equal to ‗0‘.  

By applying step 2 of NPA, we get five training sets, 
one for each of the five initial neurules, which are de-
picted in Table 3 (where duplicate patterns have been 
removed and cases with uknown values have not been 
taken into account). 

TABLE 3 
THE INITIAL TRAINING SETS 

S1 S2 S3 S4 S5 
T T T    1 
F F F   -1 
F T F    1 
T F T   -1 
T F F    1 
F T T   -1 

T F T    1 
F T T    1 
T F F   -1 
F T F   -1 
T T F    1 

F T F    1 
F F T    1 
T T T   -1 
F F F   -1 
F T T    1 
T T F   -1 
T F T   -1 

T F T   -1 
F T F    1 
T T T   -1 
F F F   -1 
F T T    1 
T T F   -1 

T  F    1 
T  T   -1 
F F    -1 
F T     1 

 
By applying step 3 of NPA, we get the neurules pre-

sented in Table 4. We can see that only two neurules have 
the same conclusion. This means that the training dataset 
used for their initial neurule (S5) was non-linear (it actu-
ally represents the behavior of the XOR function). 

5 THE INTEGRATED INFERENCE ENGINE 

The inference engine associated with neurules imple-
ments the way neurules co-operate to reach conclusions. 
The choice of the next rule to be considered is based on a 
neurocomputing measure, but the rest is symbolic. 

5.1 Evaluation Aspects 

The inference process requires a way of evaluating a neu-
rule, which in turn requires a way of evaluating its condi-
tions. These are presented in this section.  
 
 

TABLE 4 
THE PRODUCED NEURULES 

R1 

(-0.4) if SwollenFeet is true (3.6), 

             HairLoss is true (3.6), 

             RedEars is true (-0.8) 

         then Supercilliosis is true 

R2 

(1.4) if Dizziness is true (4.6), 

            SensitiveAretha is true (1.8), 

            HairLoss is true (1.8) 

         then Namastosis is true 

R3 

(-2.2) if PlacibinAllergy is true (-5.4), 

             Supercilliosis is true (4.6), 

             Namastosis is true (1.8) 

         then Placibin is true 

R4 

(-4.0) if HairLoss is true (-3.6), 

             Namastosis is true (3.6), 

             Supercilliosis is true (2.8) 

          then Biramibio is true 

R5 

(-2.2) if Placibin is true (-1.8), 

             Biramibio is true (1.0) 

         then Posiboost is true 

R6 

(-2.2) if Biramibio is true (-2.6), 

             Placibin is true (1.8) 

          then Posiboost is true 

 

5.1.1 Condition evaluation 

Evaluation of conditions takes place during each infer-
ence session. Evaluation of conditions that refer to the 
same variable is done at the same time. We call those 
conditions ‗sibling‘ conditions: 
 

Definition 2. Two conditions Ci ≡ “Vi is vi” and Cj ≡ “Vj 

is vj”are called sibling iff Vi ≡ Vj. 
A condition Ci can evaluate to TRUE, FALSE or UN-

KNOWN. Conditions are evaluated based on either the 
contents of the working memory (WM) or the user re-
sponses or firings of rules. Recall that 

WM = {(Fi, ass(Fi)), i=1, n} 

where Fi ≡ ―
iF

V  is 
iF

v ‖ is a fact and ass(Fi){TRUE, 
FALSE, UNKNOWN}. 

Evaluation of a condition, when based on WM con-
tents, is done via the following rules:  

(a) A condition Ci evaluates to TRUE, denoted by 
ass(Ci) = TRUE, if there is a fact assertion (Fi, 
ass(Fi)) in WM with Fi ≡ Ci and ass(Fi) = TRUE. 

(b) A condition Ci evaluates to FALSE, denoted by 
ass(Ci) = FALSE, if there is a fact assertion (Fi, 
ass(Fi)) in WM with Fi ≡ Ci and ass(Fi) = FALSE. 

(c) A condition Ci evaluates to UNKNOWN, de-
noted by ass(Ci) = UNKNOWN, if there is a fact 
assertion (Fi, ass(Fi)) in WM with Fi ≡ Ci and 
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ass(Fi) = UNKNOWN. 
When a user is asked to evaluate a condition Ci ≡ ―Vi is 

vi‖ (where Vi  VINP) he/she is actually called to assign a 
value value(Vi) to the corresponding variable Vi, where  

value(Vi)  SVi{UNKNOWN}. 

As soon as that value is given by the user (i.e the variable 
is evaluated), the sibling conditions Cj ≡ ―Vi is vj‖ related 
to that variable (where vjSVi) are consequently evaluated 
according to the following formula: 
 
 
 











        FALSE

UNKNOWN

          TRUE

)( jCass

                     otherwise

UNKNOWN)( if

                )( if





i

ij

Vvalue

Vvaluev

    (3) 
 
 
and corresponding fact assertions, called sibling fact asser-
tions are added to WM. Sibling fact assertions are speci-
fied as: 
sibl-fact-ass(Vi, value(Vi)) =  
                                    {(Fj, ass(Fj)): 

jF
V   Vi, 

jF
v SVi

}    (4) 
 
where ass(Fj) is evaluated via formula (3). The same hap-
pens when an (intermediate) neurule is fired and its con-
clusion is produced, i.e. becomes TRUE for the specific 
variable and the specific value of its conclusion. 

The above are based on the following remarks: 
 If ass(Ci) = TRUE, then the sibling conditions of Ci 

evaluate to FALSE, because a variable cannot 
take more than one value simultaneously. 

 If ass(Ci) = UNKNOWN, then the sibling condi-
tions of Ci evaluate to UNKNOWN too, since 
‗unknown‘ means that there is no evidence about 
any value of a variable. 

For example, let us suppose that in evaluating condition 
‗age is young‘ of a neurule the user gives for ‗age‘ the 
value ‗presbyopic‘, i.e. value(‗age‘) = ‗presbyopic‘. Also, 
let suppose that Sage ={young, pre-presbyopic, pres-
byopic}. Then, based on (3), the system results in ass(‗age 
is young‘) = FALSE and based on (4) the following sibling 
fact assertions: 
sibl-fact-ass(‗age‘, ‗presbyopic‘) = {(‗age is young‘, FALSE),  
           (‗age is presbyopic‘, TRUE), 
                (‗age is pre-presbyopic‘, FALSE)} 
are added to the WM. 

At any time, of an inference process, we distinguish 
between two sets of conditions for a neurule Rk : the set of 
evaluated conditions kR

E
C  and the set of unevaluated condi-

tions kR

U
C . kR

E
C  refers to conditions that have already been 

evaluated and the results of their evaluation have been 
taken into account in deducing the conclusion of Rk, whe-
reas kR

U
C  to the rest ones. 

5.1.2 Neurule evaluation 

A neurule evaluates to either ‗1‘ or ‗–1‘ (see Section 3.1). 
In the first case, we say that the neurule is fired, whereas 
in the second that it is blocked. In both cases the neurule is 
considered evaluated. The set of fired rules during an infe-
rence process is denoted by RF, whereas that of blocked 
rules by RB. Also, the set of evaluated rules is denoted by 
RE and that of unevaluated by RU. 

Normally, the output of a neurule Rk is computed ac-
cording to Eq. (1) and (2) (Section 3.1). To do that, all con-
ditions of the neurule should be evaluated, to be able to 
compute a(Rk), the activation value of Rk. So, we start eva-
luating the conditions of Rk one by one including its con-
tribution in the current activation value of Rk : 
 





kRkR

i

kkk

C

R

i

R

i

R

kc CassvsfsfR
EC

0
)( )(   (5) 

where  
 

















UNKNOWN)(if0

        FALSE)(if1-

          TRUE)(if1

)(

k

k

k

k

R

i

R

i

R

i

R

i

Cass

Cass

Cass

Cassv  (6) 

 
This process should continue until a(Rk) is computed. 
However, the interesting thing in this process is that it is 
possible to deduce the output of a neurule without hav-
ing evaluated all of its conditions. To formalise and prove 
it, we introduce for each neurule the following metrics:  
 
Definition 3. The known sum of a neurule Rk, at some 
time, represents its current potential to fire and is defined 
as the weighted sum of the values of the already 
―known‖, i.e. evaluated, conditions (inputs) of it: 
 
 




kRkR

i

kkk

C

R

i

R

i

R

k
CassvsfsfRks

EC

0
)( )(   (7) 

 
Definition 4. The remaining sum of a neurule Rk, at some 
time, represents its remaining potential to fire and is de-
fined as the largest possible weighted sum of the ―re-
maining‖, i.e. unevaluated, conditions of it: 
 
 




k

R
kR

i

k

C

R

ik
sfRrs

UC

||)(    (8) 
 
It is convenient to define another metric related to a neu-
rule, the ‗firing ratio‘. 
 
Definition 5. The firing ratio (fr) of a neurule Rk, at some 
time, is an estimate of its intention to be fired (or blocked) 
and is defined as the ratio of the absolute value of its 
known sum over the value of its remaining sum, given 
that it is non-zero: 
 

 fr(Rk) =                 , rs(Rk)  0 (9) 
 
‗Firing ratio‘ is similar to ‗convergent ratio‘ used in RIE 
[21]. 

Now, we introduce and prove the following two sim-
ple theorems. 

Theorem 1 (neurule success or firing principle). The output of 
a neurule Rk is evaluated to „1‟, i.e. Rk succeeds or is fired, as 
soon as ks(Rk)  0 and |ks(Rk)|  rs(Rk). 

 

Proof. Let ac(Rk) the current activation value of Rk, when 
m > 0 conditions of Rk have been evaluated. It is ob-
vious from the above that ac(Rk) = ks(Rk). Let ar(Rk) be 

ks(Rk) 

rs(Rk) 
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the remaining part of a(Rk), i.e. the part of of a(Rk) that 
will be finally computed when the rest (or remaining) 
conditions of Rk will be evaluated. So, at any step 

  a(Rk) = ac(Rk) + ar(Rk) = ks(Rk) + ar(Rk)              (1-1) 

 Let assume that  

  ks(Rk)  0         (1-2) 

 To obtain an output equal to ‗1‘, a(Rk)  0 should hold 
(see Section 3.1, Equation (2)). From (1-1), we get ks(Rk) 
+ ar(Rk)  0 or  

 ks(Rk)  ar(Rk)                  (1-3) 

 If we would be able to assure that (1-3) holds in the 
worst possible case, before all remaining conditions are 
evaluated, then Rk could be evaluated to ‗1‘ without 
any further evaluation. 

 Given (1-2), the worst possible case to satisfy (1-3) is 
when ar(Rk) gets its maximum (positive) value, i.e. 
when ar(Rk)  0 and ar(Rk) gets its minimum (negative) 
value, i.e.  

 ar(Rk) = max(


kR

kk

n

mi

R

i

R

i Cassvsf )( )= 


kR

k

n

mi

R

i
sf ||  =  rs(Rk).  

 So, (1-3) becomes ks(Rk)  rs(Rk) or equivalently 
 |ks(Rk)|  rs(Rk)                  (1-4) 

Theorem 2 (neurule failure or blocking principle). The output 
of a neurule Rk is evaluated to „-1‟, i.e. Rk fails or is blocked, 
as soon as ks(Rk) < 0 and |ks(Rk)| > rs(Rk). 

Proof. Under the same assumptions, again  
a(Rk) = ks(Rk) + ar(Rk)                (2-1) 

 Let assume that  
 ks(Rk) < 0                 (2-2) 

 To obtain an output equal to ‗-1‘, a(Rk) < 0 should hold 
(see Section 3.1, Equation (2)). From (2-1), we get ks(Rk) 
+ ar(Rk) < 0 or  
 ks(Rk) < ar(Rk)                 (2-3) 

 If we would be able to assure that (2-3) holds in the 
worst possible case, before all remaining conditions are 
evaluated, then Rk could be evaluated to ‗-1‘ without 
any further evaluation. 

 Given (2-2), the worst possible case to satisfy (2-3) is 
when ar(Rk) gets its minimum (negative) value, i.e. 
when ar(Rk) < 0 and ar(Rk) gets its maximum (positive) 
value, i.e.  

 ar(Rk) = max(


kR

kk

n

mi

R

i

R

i
Cassvsf )( ) = 



kR

k

n

mi

R

i
sf ||  = rs(Rk).  

 So, (2-3) becomes ks(Rk) > rs(Rk) or ks(Rk) > rs(Rk) or 
finally (given (2-2)) 

|ks(Rk)| > rs(Rk)                (2-4) 

 
Based on the above theorems, we introduce the following 
definitions: 
 
Definition 6. Success or firing condition of a neurule Rk is 
the situation where |ks(Rk)|  rs(Rk) (or equivalently fr 1, 
rs(Rk)  0) and ks(Rk)  0. 
 
Definition 7. Failure or blocking condition of a neurule Rk is 
the situation where |ks(Rk)| > rs(Rk) (or equivalently fr 

>1, rs(Rk)0) and ks(Rk) < 0. 

For example, consider neurule R2 from Table 4 (Section 4). 
The initial values of ks(R2) and rs(R2) are: ks(R2) = 1.4 and 
rs(R2) = |4.6|+|1.8|+|1.8| = 8.2. Let assume that the first 
condition ―Dizziness is true‖ is evaluated to be true. 
Then, ks(R2) = 1.4 + 1*4.6 = 6.0 and rs(R2) = 8.2 - |4.6| = 
3.6. So, ks(R2) > 0 and |ks(R2)| > rs(R2) and the rule is 
fired without any further evaluation, because the firing 
condition is met. 

Similarly, consider neurule R3 from Table 4  (Section 4). 
The initial values of ks(R3) and rs(R3) are: ks(R3) = -2.2 and 
rs(R3) = |-5.4|+|4.6| + |1.8| = 11.8. Let assume that the 
first condition ―PlacibinAllergy is true‖ is evaluated to be 
true. Then, ks(R3) = -2.2 + 1*(-5.4) = -7.6 and rs(R3) = 11.8 - 
|-5.4| = 6.4. So, ks(R3) < 0 and |ks(R3)| > rs(R3) and the 
rule is blocked without any further evaluation, because 
the blocking condition is met. 

We experimented with a number of ways of arranging 
conditions to achieve more efficient response. We finally 
found out that an overall ordering of the conditions of 
neurules make inferences more efficient. More specifical-
ly, that happens when the conditions in a neurule Rk con-
sisting of nRk

 conditions are ordered in a way that |sf1|  
|sf2|  …  |sfnRk

|. So, internally, the conditions of each 
neurule are ordered in that way. 

5.1.3 Goal facts 

The inference procedure uses a goal stack, where the pos-
sible solutions-answers are stored in the form of facts, 
which we call ‗goal facts‘. Goal facts are actually the con-
clusions of the neurules that contain a goal variable. To be 
more precise, we give the following definition: 
 
Definition 7. A goal fact Gi related to a neurule base is an 
expression of the form ―

iG
V  is 

iG
v ‖ where 

iG
V VG and 

iG
v 

iGV
S . 

5.2 The Integrated Inference Process 

The integrated inference process focuses on the firing po-
tential of each neurule. Initially, the frs of all neurules are 
computed. In this process, after evaluation of a condition 
of a neurule, the frs of the neurules that contain that vari-
able (called affected rules) are updated. In the next step, the 
neurule with the maximum fr is considered, given that it 
is the neurule most likely (i.e. with the greatest intention) 
to fire. This means that its first unevaluated condition is 
considered as the next goal and so on. As soon as a neu-
rule is fired, the WM is updated with corresponding con-
clusions. A similar thing happens when a neurule is 
blocked. So, at each step of the process, rules are compet-
ing between each other towards which is closer to fire, 
based on their frs. The one with the greatest fr takes the 
lead. Inference stops either successfully, when there are 
facts in WM containing goal variables and assigned the 
TRUE value and no further action can be taken, or unsuc-
cessfully, otherwise. 

There is one stack used, the goal stack (GS), which in-
itially includes the goal facts. The basic inference algo-
rithm is as follows: 
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1. Set the goal(s) on GS, the initial facts in the WM and 
compute (initial) fr for each neurule. 

2. For each fact in WM do 
Find all affected neurules and update their frs. 

3. While there are still goals on GS do 
3.1 Choose the neurule with the maximum fr from af-

fected rules, if there are such, or from the uneva-
luated neurules, otherwise. 

3.1.1 If the firing condition is satisfied for the rule, 
update WM with the sibling assertions related 
to the conclusion of the rule, update affected 
rules, update their frs and remove from GS the 
goals having the same variable as the conclu-
sion of the fired rule. 

3.1.2 If the blocking condition is satisfied and all the 
sibling rules of the rule have been already eva-
luated and blocked, update WM with the fact 
related to the falsity of the conclusion of the 
rule, update affected rules, update their frs and 
remove from GS the goal corresponding to the 
conclusion of the blocked rule. 

3.1.3 If neither of the above happens, choose the first 
unevaluated condition of the rule. 

3.1.3.1 If the condition contains an input variable, 
ask the user for a value, update WM with 
the sibling assertions related to the condition 
and update affected rules and their frs. 

3.1.3.2 If the condition contains an intermediate va-
riable, consider from the sibling rules having 
that variable in their conclusions the one 
with the maximum fr, choose its first uneva-
luated condition and go to step 3.1.3.1. 

4. If WM contains any goal facts assigned a „TRUE‟ value, 
return those goal facts, otherwise return failure. 

To briefly demonstrate the function of the above infer-
ence algorithm, we consider the problem used in Section 
4.2. As an example inference, let us assume that the input 
data (i.e. the data for sf, re, hl, dz, sa and pa) of the second 
row of Table 2 is given. This means that the following 
facts are available in the WM: {(‗sf is true‘, F), (‗re is true‘, 
F), (‗hl is true‘, F), (‗dz is true‘, T), (‗sa is true‘, T), (‗pa is 
true‘, F)}. 

After starting inference, R1 and R2 are examined:  
 R1 is blocked, because at some point ks(R1) = -0.4+ 

(-1)*3.6+(-1)*3.6=-7.2<0 and |-7.2|> rs(R1)=0.8. So, 
(‗sc is true‘, F) is added to WM. 

 R2 is fired, because at some point ks(R2) = 1.4+ 
1*4.6=6.0>0 and |6.0|> rs(R2)=1.8+1.8=3.6. So, 
(‗nm is true‘, T) is added to WM. 

After that, at second level, R3 and R4 are examined: 
 R3 is fired, because at some point ks(R3) = -2.2+ (-1) 

*(-5.4)+(-1)*4.6+1*1.8=0.4>0 and  rs(R3)=0. So, (‗pl is 
true‘, T) is added to WM. 

 R4 is fired too, because at some point ks(R4) = -4.0+ 
(-1)*(-3.6)+1*3.6=3.2>0 and |3.2|> rs(R4)=2.8. So, 
(‗bi is true‘, T) is added to WM. 

Finally, R5 and R6 are examined: 
 R5 is blocked, because at some point ks(R5) = -2.2+ 

1*(-1.8)=-4.0<0 and |-4.0|> rs(R5)=1.0. So, (‗po is 
true‘, F) is added to WM. 

 R6 is blocked too, because at some point ks(R6) = -
2.2+ 1*(-2.6)=-4.8<0 and |-4.8|> rs(R5)=1.8. So, (‗po 
is true‘, F) is added to WM. 

It is easy to see that the last five values of the selected row 
of Table 2 have been proved.  

After testing the above algorithm using all the patterns 
of the example dataset of Table 2, we find that all results 
(intermediate and final) are correct. 

6. EXPERIMENTAL RESULTS AND DISCUSSION 

In this section, experimental results regarding the per-
formance of neurules are presented. They refer to the fol-
lowing: 

 The neurules integrated inference engine (IIE) is 
compared to the inference mechanisms used in 
connectionist expert systems and presented in 
[12], [13] (MACIE) and [21] (RIE). 

 The generalization capabilities of neurules are 
explored and compared to those of a back-
propagation neural net (BPNN) and the adaline 
unit. 

The experiments were performed on a Pentium IV, oper-
ating at 3 GHz.  

6.1 Neurules Inference Process vs Connectionist 
Expert Systems Inference 

A bunch of experiments were conducted to compare IIE 
with MACIE and RIE. The inference mechanisms are 
compared as far as the required computational cost for 
drawing conclusions is concermed. More specifically, 
comparison of the inference mechanisms is made in terms 
of the mean computational time required and the number 
of computations made to draw conclusions.  

Ghalwash compared RIE with Gallant‘s inference me-
chanism in terms of the ‗convergent rate‘, i.e. the ratio of 
the number of necessary (i.e. the least required) inputs 
and the total number of asked inputs. However, this is a 
questionable criterion. First, it is difficult, if not imposible, 
to estimate the necessary inputs for each inference, except 
they are known or come from short chains of symbolic 
rules, so are easy to specify. This might be the reason why 
in [21] only two rather simple problems are used in the 
experiments. Unfortunately, it is not explained how the 
necessary inputs are determined. Second, even if it is 
possible, it shouldn't be the only criterion, since that rate 
is not directly related to the computational cost, which 
mainly depends on the length of the inference chains and 
not on the number of used inputs, which anyway is 
usually small. On the other hand, we believe that compu-
tational cost is more important in such cases and is the 
one that is typically used (see e.g. in [43]). Furthermore, a 
comparison between MACIE and RIE mechanisms based 
on the computational cost has not been made. So, such a 
comparison can produce fruitful results both for neurules 
and connectionist expert systems. Despite the above, we 
also conducted an experiment concerning ‗convergent 
rate‘. 

We have used four datasets and two symbolic rule 
bases. The first dataset (ACUTE) is the one used as an 
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example in Section 4 and is taken from [13]. The dataset is 
incomplete. It consists of 8 input data patterns out of 64 
possible. For most of the input combinations no final con-
clusion can be drawn since all the output cells of the con-
nectionist knowledge base become false and all the out-
put rules of the corresponding neurule base become 
blocked. We give results for 27 input combinations for 
which final conclusion(s) can be drawn that is, one or 
more output cells of the connectionist knowledge base 
become true and one or more output rules of the corre-
sponding neurule base fire. The second dataset (called 
LENSES) is taken from the UCI Machine Learning Repo-
sitory [1] and regards a database for fitting contact lenses. 

This dataset is complete and contains 24 input patterns 
each consisting of four input and one output attribute 
(variable). The third and fourth datasets (called CAR and 
NURSERY respectively) are also from the UCI Machine 
Learning Repository. However, we also used the depen-
dency information provided by the donators of the data-
sets [5], which is not included in the UCI Machine Learn-
ing Repository. 

The above datasets were chosen to satisfy at least one 
of the requirements set: 

 be categorical 
 there is dependency information available. 

 
  

TABLE 5 
COMPARISON OF INFERENCE MECHANISMS (COMPUTATIONAL COST) 

 IIE MACIE RIE 

Dataset 
Runtime 
(msec) 

Computations 
Runtime 
(msec) 

Computations 
Runtime 
(msec) 

Computations 

ACUTE (27) 0.041 11.56 0.050 17.48 + 15.11 0.046 17.48 

LENSES (24) 0.045 25.50 0.073 42.04 + 18.67 0.061 42.04 

CAR-DEP (1728) 0.154 117.96 0.241 158.05 + 68.07 0.203 160.32 

NUSERY-DEP (12960) 0.187 138.91 0.281 195.50 + 84.18 0.250 196.84 

RB1 0.256 121.5 0.470 172.43+100.77 0.409 179.70 

RB2 0.497 282.60 1.450 603.96+310.16 1.299 599.28 

 
 

The two rules bases (RB1 and RB2) are related to diag-
nosis of bone diseases and have been created via inter-
views with expert doctors (they were also used in [24]). 
They consist of 59 and 134 symbolic rules respectively. To 
be used in the experiments, the two rules bases were pre-
processed. Rules with the same conclusion were grouped 
and the truth table of the combined logical function of the 
rules of each group was extracted. The valid rows of the 
truth table constituted the patterns of the corresponding 
dataset. The produced neurule bases performed all infe-
rences correctly. 

IIE was applied to the four neurule bases produced 
from the above mentioned four datasets. MACIE and RIE 
were implemented in a simulated way and also applied to 
the four connectionist knowledge bases, which were 
created from the same datasets according to the guide-
lines presented in [13]. In the case of the two rule bases, 
the inference mechanisms were applied to the inte-
grated/connectinist knowledge bases produced from the 
datasets of each rule group. 

Table 5 presents experimental results regarding the 
performance of the inference mechanisms as far as com-
putational cost is concerned. ‗Runtime‘ represents the 
mean computational time required to draw the conclu-
sions. ‗Computations‘ represents the mean number of 
computations required to reach conclusions. In the case of 
IIE, those computations involve the mean number of 
times that a product of a significance factor and a corres-

ponding condition value were added to the known sum 
of a neurule. In the cases of MACIE and RIE, they involve 
the mean number of times that a product of a weight and 
a corresponding input value were added to the known 
(weighted) sum of a node. MACIE requires additional 
computations for the calculation of confidences. These 
computations are displayed besides the ‗+‘ symbol in 
each case.  

The inference mechanisms, except for the ACUTE 
dataset, were tested for all input combinations (the total 
number of input combinations is shown in parentheses 
beside the dataset names). As shown in Table 5, IIE per-
forms better than the two inference mechanisms used in 
connectionist expert systems. One reason for that is that 
the learning algorithm used for the construction of the 
corresponding networks in both cases introduces some 
random cells in their connectionist knowledge bases, as 
hidden layer nodes, in order to deal with inseparability. 
The introduction of these cells increases the number of 
required computations and hence the mean computation-
al time. On the other hand, in terms of symbolic reason-
ing, while the other two approaches use a mixed forward 
and backward chaining, neurules inference process fol-
lows a backward chaining based strategy, which is usual-
ly more efficient. More specifically, in the forward chain-
ing mode, in MACIE and RIE, when an input is given, 
computation is spread to almost all nodes of the network, 
whereas in neurules mechanism only specific rules are 
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involved. In general, a neurule base is quite different 
from a connectionist one. From a connectionist point of 
view, it consists of independent cells each of which cor-
responds to a neurule. Each such cell has a structure, con-
sisting of identifiable conditions. This gives the flexibility 
to the inference mechanism to choose the most suitable 
cell (neurule) to move on, without being commited to 
follow all connections between cells. 

Another reason is the existence of sibling rules. Sibling 
rules play the role of the random cells, i.e. solve the non-
linearity problem. When a neurule fires during an infe-
rence, then all its sibling rules are not considered in the 
rest of the inference. This reduces the number of neurules 
to be considered in the sequel; this contributes in reduc-
ing computational time. 

Another finding from Table 5 concerns connectionist 
expert systems: the time performance of RIE is better than 
the time performance of MACIE. This is mainly due to the 
following: (a) RIE focuses on the nodes most relevant to 
the computation of the outputs as has been shown in [21] 
and (b) the computation of the convergent ratios in RIE is 
less expensive than the computation of the confidences in 
MACIE (the confidence of a node requires the computa-
tion of the confidences of its input nodes).  

A difficulty arising when constructing the knowledge 
base of the connectionist expert system following Gal-
lant‘s approach is finding a proper random function for 
the intermediate (i.e. hiden layer) cells so that the overall 
network (after training) will classify correctly all patterns. 
As the number of patterns increases, this difficulty in-
creases as well.  

Table 6 presents experimental results concerning the 
performance of the inference mechanisms as far as the 
‗convergent rate‘ is concerned. We have used two of the 
datasets and the two rule bases, because it was easier to 
determine the necessary inputs for them.  

 
TABLE 6 

COMPARISON OF INFERENCE MECHANISMS (CONVERGENT 

RATE) 

Dataset IIE MACIE RIE 

ACUTE 0.639 0.709 0.709 

LENSES 0.825 0.944 0.944 

RB1 0.877 0.934 0.842 

RB2 1.000 1.000 1.000 

 
An outcome of Table 6 is that MACIE gives better results 
than IIE and RIE. The latter is in contrast to what is 
claimed in [21], but we guess that this is so, because the 
set of 8 patterns is used in [21] instead of that of 27 pat-
terns we use here. This means that MACIE‘s inference 
mechanism does a better selection of inputs. As to neu-
rules, it seems that IIE requires more inputs than MACIE 
does, whereas compared to RIE things are not so clear. It 
seems that sibling rules play a negative role here. In case 
a conclusion is examined, all related sibling rules should 
be examined one by one, until one is fired or all found to 
be blocked. So, in case the conclusion of a set of sibling 
rules cannot be derived (i.e. it is proved false), all sibling 
rules will be examined. This may result in using unneces-

sary inputs. 

6.2 Generalization Capabilities of Neurules 

To test the generalization capabilities of neurules, we 
conducted a number of experiments. Table 7 presents 
results regarding the classification accuracy (generaliza-
tion) of neurules on unseen test examples compared with 
the ones of the adaline unit and BPNNs. The results for 
each dataset (except for the two monks datasets) were 
produced by using 75% of the examples as training set 
and 25% of the examples as testing set in four different 
runs. Different and disjoint test sets were used in each 
run, so that the union of the four test sets formed the 
whole dataset (4-fold cross validation). The classification 
accuracy was computed as the mean value of the accura-
cies obtained from the four tests. For ‗monks1‘ dataset the 
procedure for creating training and test sets was applied 
to the corresponding test sets of 432 training examples 
available in the UCI repository. For the ‗monks3‘ dataset, 
the training and test set available in the UCI repository 
were used, since the training set is reported to contain 
noise. It should be mentioned that we were not able to 
construct a BPNN for the ‗Nursery‘ dataset with competi-
tive generalization capability. 

For the training of BPNNs, the standard back-
propagation algorithm was employed using a momentum 
in adjusting the weights and one layer of hidden nodes. 
The values of these three back-propagation parameters 
along with the average error threshold were tuned sepa-
rately for the training sets of each dataset after a number 
of experiments (based on error-and-trial). Training 
stopped when either the number of training epochs 
reached an upper threshold or the average squared error 
became less than or equal to the average error threshold. 
If the activations of multiple output nodes exceeded 0.5 
(when a test example was given as input), then the exam-
ple took the category of the most active output node (i.e., 
the one with the greatest activation) [50].  

 
TABLE 7 

GENERALIZATION EXPERIMENTAL RESULTS 

Dataset 
Adaline 

Unit (%) 
Neurules 

(%) 
BPNN 

(%) 

LENSES 58.33 70.83 70.83 

MONKS1 66.44 99.77 100 

MONKS3 87.50 93.98 97.22 

TIC-TAC-TOE 57.93 97.50 98.23 

CAR 72.57 93.63 95.72 

NURSERY 80.52 99.31  

 
The results in Table 7 show that neurules generalize quite 
well. It shows that neurules well outperform the adaline 
unit and are a bit worse than BPNNs. These results are 
very promising. It was expected that the generalization 
capability of neurules would be somewhere between the 
adaline unit and the BPNN. This is due to the nature of 
the three approaches: the adaline unit is a single unit for 
performing classification, a neurule base consists of a 
number of autonomous adaline units (neurules) and a 
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back-propagation neural network is a multi-layer net-
work containing hidden nodes useful for the computation 
of non-separable functions. It should be noted here that 
there are also other, in some sense similar, hybrid sys-
tems, like fuzzy ARTMAP [9] and Cascade ARTMAP [46], 
that have achieved highly competitive generalization per-
formance with regards to BPNNs.  

A parameter not shown in Table 7 involves the total ef-
fort in constructing the corresponding knowledge base. 
The construction of a neurule base is easier than the con-
struction of a BPNN. Construction of neurules is 
straightforward. On the other hand, in the case of a 
BPNN, one should simultaneously adjust three different 
parameters (based on error-and-trial): the number of hid-
den nodes (assuming one hidden layer), the learning rate 
and the momentum. The number of hidden nodes is an 
integer, whereas the learning rate and the momentum are 
real numbers lying between 0.0 and 1.0. Simultaneously 
adjusting those three parameters can be a non-trivial and 
time-consuming task. However, the adjustment of those 
parameters plays an important role in the classification 
accuracy of the neural network regarding the training and 
test sets.   

According to the above results about generalization 
capabilities of neurules, neurules could be a choice in ap-
plications with available training examples and in which 
naturalness and modularity of the knowledge base as 
well as provision of interactive inference are desirable 
factors. Obviously in applications in which generalization 
is the only concern, one could choose BPNNs, but in that 
case the effort required for tuning the network should be 
taken seriously into account.  

7. AN APPLICATION OF NEURULES 

7.1 Developing a Web Based ITS 

We have used neurules in developing a web-based intel-
ligent tutoring system (ITS) [28]. ITSs are knowledge in-
tensive systems that require a number of discrete know-
ledge bases used in different units of the systems, as illu-
strated in Figure 3, where the basic inference structure of 
the ITS, including its knowledge based components, is 
depicted. For example, the pedagogical unit contains 
three neurule bases, one for teaching method selection, 
one for the next concept to be taught and the last one for 
selecting the appropriate course units from domain 
knowledge. Also, the user modeling unit includes two 
neurule bases, one for selecting the user stereotype and 
the other for evaluating student‘s knowledge level about 
concepts.  

Neurules greatly facilitated the development and per-
formance of the ITS in a number of ways: 

 Neurules support incremental development of 
neurule-bases, because they retain the modularity 
of symbolic rules. One can easily add new neu-
rules or remove old neurules from a neurule base 
without making any other changes to it. ITSs need 
this kind of capability. This is not offered by 
neural nets. 

 Neurules can be produced in a straight-forward, 
semi-automated way from empirical data or deci-
sion tables. Also, no extra effort for tuning the 
knowledge base is required. These are very im-
portant for ITSs, because knowledge acquisition 
for them is harder than for conventional expert 
systems, due to the existence of more than one 
knowledge-based module. Neither symbolic rules 
nor neural nets or existing integrations offer both 
above facilities. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. The inference architecture of the developed ITS. 

 Neurules can make robust inferences. In contrast 
to symbolic rules, neurules can derive conclusions 
from partially known inputs. This is due to the 
fact that neurules integrate a connectionist com-
ponent. This feature is useful, because, during a 
teaching session, certain parameters related to the 
user may be unknown.  

 Neurules provide a time-efficient inference en-
gine. This means that they require fewer compu-
tations compared to classical symbolic rules and 
even to other hybrid approaches in order to de-
rive the same conclusions. This is very important, 
since an ITS is a highly interactive knowledge-
based system requiring time-efficient responses to 
users‘ actions. Furthermore, the Web imposes ad-
ditional time constraints. 

7.2 Bank Loan Application Evaluation System 

We have also used neurules in the development of an 
expert system, which evaluates the applications of the 
clients of a bank who apply for getting a loan. We imple-
mented two versions of the system, one using fuzzy rules 
via FuzzyCLIPS and the other using neurules. The fuzzy 
expert system was based on empirical knowledge, elici-
tated from experts. The neurule-based expert system was 
based on empirical (real) data taken from the data base of 
a bank. 

The system consists of three discrete neurule bases, as 
illustrated in Figure 4. One of them deals with evaluating 
the trust of the applicant, based on his income, age, pro-
fession etc. The second evaluates the trust of the surety of 
the applicant based on similar parameters. Finally, the 
third one results in an evaluation of the trust of the pair 
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applicant-surety, based on the results of the other two 
knowledge bases. 

Again, neurules facilitated the development and per-
formance of that system in similar ways as for the ITS, 
especially in acquiring knowledge, where real (empirical) 
data was used instead of the time consuming expert 
based elicitation, which was the case in the version of the 
system where FuzzyCLIPS was used. Finally, comparison 
of the two systems in terms of accuracy showed that the 
neurule-based system did (slightly) better than the fuzzy 
one and with less effort, whereas the fuzzy expert system 
took a long time for fuzzy parameters tuning. 
 

 
 
 
 
 
 
 
 
 
 
 

Fig. 4. The inference architecture of the loan application evaluation 
system. 

8. CONCLUSIONS 

In this paper, we present the construction process and the 
inference mechanism of neurules, a type of integrated 
rules, integrating symbolic rules with neurocomputing. A 
special feature of neurules is that they combine the sym-
bolic and the connectionist approach in a way which is 
not the usual one: they incorporate connectionist compu-
tation within the symbolic framework, not the other way 
round. This creates an integration that refers to all aspects 
of a knowledge representation language: the syntax, the 
semantics and the inference mechanism. Another interest-
ing point of neurules is that the associated inference me-
chanism is also integrated, in contrast to other approach-
es, where the inference mechanism remains connectionist. 
This makes the inference process quite explicit and com-
prehensive. So, even natural explanations can be pro-
duced [26] (however, this is not treated here). A further 
attractive feature of the neurules, which stems from the 
way integration is made, is that compared to other con-
nectionist-oriented integrations they retain the modulari-
ty and to some degree the naturalness of symbolic rules, 
which are higly desired features. 

The inference mechanism draws conclusions based on 
facts and asking the user to provide values for some in-
puts, i.e. it supports interactivity with the user, something 
not supported by other similar efforts. Experimental re-
sults have shown a superiority of the neurule-based infe-
rence engine compared to those used in well-known con-
nectionist expert systems, in terms of efficiency, but not in 
terms of the number of the involved inputs.  

Also, generalization capabilities of the neurules have 

been explored in this paper. Results show that neurules 
do much better than its neural component (adaline unit) 
itself and is a bit behind the BPNN. However, the effort 
required for constructing and tuning a neural net is much 
more than that required for neurules. So, neurules remain 
a strong alternative, even when generalization is demand-
ing. 

Given the above, we can say that neurules offer learn-
ing and inference in a single paradigm. This is another 
important feature of neurules not met in other efforts. 

Finally, neurules have been successfully used in a web-
based intelligent tutoring system and a bank loan applica-
tion evaluation intelligent system. 

Our future work is directed to finding (a) an even more 
efficient way for making inferences with neurules, (b) a 
way of providing natural explanations and (c) a way of 
incorporating fuzziness. 
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